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1. Induced metrics [4 points]

Let (M, g) be a complete Riemannian manifold and N C M be a closed embedded sub-
manifold, i.e. N is compact without boundary.
Show that ¢ induces a complete metric on V.

2. Integral curves and geodesics [4 points]

Let (M, g) be a Riemannian manifold and f : M — R be a smooth function on M with
the property |grad f| = 1.
Show that the integral curves of grad f are geodesics.

3. Riemannian covering [4 points]

Let p : M — M be a smooth covering of a Riemannian manifold (M, g).
a) Show that there is a metric § on M such that p: (M, g) — (M, g) is a local isometry.
b) Show that (M, g) is complete if and only if (M, g) is complete.

4. Non-complete Riemannian manifolds [4 points]

Give an example of a non-complete connected Riemannian manifold (M, g) such that for
any two point p and g can be joined by a distance realizing geodesic in M.
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