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1. Models of the hyperbolic space [8 points]

There are three classical models of the hyperbolic space of radius R > 0:

e The upper half space, H}, .= {(x1,...,2,) € R" : z, > 0} with the metric
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This model is called the Poincaré half-space model.

e The Poincaré ball, B}, = {x = (z1,...,2,) € R" : |jz]| = 1, Z)l/2 < R} with
the metric
da;
= 4R* 2
Z ||x||

e The upper hyperboloid sheet, Uy = {(z1,...,2,,7) ER"™™ : 7 >0, 72— ||z|*> = R*}

with the metric .

kr =Y (d;)* — (dr)*.
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The metric kg is induced by the Minkowski metric m = Y1 (dz;)* — (dr)?
R™™ ie. k = *m, where ¢ : U} — R™"! denotes inclusion.

a) The hyperbolic stereographic projection

m: Up — BE,
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is a diffeomorphism with inverse

-1 : B — Uk,
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Show that (77!)*kg = hg, i.e. that 7 and 7! is an isometry.
b) In the following we let (z1,...,z,) = (y,z,). The generalized Cayley transform

o: By — Hp,
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is a diffeomorphism with inverse
-1 . n n
o Hy — BE,

(4, n) = (
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Show that o*gr = hg, which shows that o and ¢! are isometries.

Hint: First look at the 2-dimensional case to obtain a “feeling” for these models.

2. Transitive action on the hyperboloid [4 points]
The group O, (n, 1) is the group of all real matrices A such that

(1, 0\ , (I, 0
A(o )4 = e 4

with det(A) = 1. This is the group of linear maps from R™** to itself that preserve the
Minkowski metric.

Show that O, (n,1) acts transitively on the set of orthonormal bases on U}, i.e. U} is
homogeneous and isotropic.

Hint: Show that for any p € U}, and any orthonormal basis (eq, ..., e,) of T,U}% there is
an orthogonal map that maps the point N = (0,...,0, R) to p and the standard basis
(01,...,0,) to (e1,...,€p).

3. Sectional curvature of the hyperbolic space [4 points]

Show that the sectional curvature of the hyperbolic space of radius R has everywhere
constant sectional curvature —%.

Possible strategy: By Exercise 2, it suffices to calculate the sectional curvature only at
one point for one orthonormal basis (Why?). Then one can reduce the problem to the
2-dimensional case.
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