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1. Klingenberg’s Lemma [8 points]

Let (M, g) be a complete Riemannian manifold with sectional curvature sec < C, where
C is a positive constant. Let p,q € M and let 7y and ~; be two distinct geodesics joining p
to ¢ with L(vp) < L(7). Assume that 7 is homotopic to 71, i.e. there exists a continuous
family of curves (ay)scp,1] joining p to g such that ag = 79 and ay = 7.

The aim of this exercise is to show that there exists a ty € [0, 1] such that

2m
L(v) + L(ow,) = Vel
a) Without loss of generality, we can assume that L(v) < Ve (Why?). Consider the

exponential map exp,: T,M — M and let B be the ball of radius % around
0eT,M.

Show that for small ¢ the curve a; can be lifted to a curve a; in T,M joining

exp};l(p) =0 and engl(C]) = ¢ such that exp, od; = .

b) Show that for all small € > 0 there exists a t(¢) such that ay.) can be lifted to a
curve dy(.) that contains points with distance < ¢ from the boundary 9B of B.

c¢) Show that T" == {t € [0, 1] : a; can be lifted to T,M} is a strict subset of [0, 1], i.e.
T # 10, 1].

d) Conclude Klingenberg’s Lemma.

2. A new proof of the Hadamard Theorem [4 points|

Use Klingenberg’s Lemma from the last exercise for the proof of Hadamard’s Theorem:
Let (M,g) be an n-dimensional complete Riemannian manifold, simply connected with
sectional curvature sec < 0. Then M is diffeomorphic to R". More precisely, exp,,: T, M —
M is a diffeomorphism.

Hint: Take C' = 1/n, for an integer n, in Klingenberg’s lemma and show that if M is
simply connected, then there exists a unique geodesic joining the points p,q € M.

3. The Sturm comparison theorem [4 points]

In this exercise we will do a direct proof of Rauch’s Theorem in dimension two using the
Sturm Comparison Theorem.
Let



with ¢ € [0,1], be two ordinary differential equations. Suppose that K (t) > K(t) for all t,
and that f'(0) = f'(0) = 1.

a) Show that for all ¢ € [0, ],
T S .
0—/0(J(J +Kf)—f(J +](J)>dt (1)

=77 - ff’]; + /0 - Ry (2)

and conclude from this identity that the first zero of f does not occur before the
first zero of f, i.e.if f(t) > 0 on (0,t9) and f(ty) = 0, then f(t) > 0 on (0, o).

b) Suppose that f(t) > 0. Use part a) to show that f(t) > f(t), t € [0,1], and that the
equality is verified for ¢t = ¢; € (0,(] if and only if K(t) = K(t), t € [0,t4].

c¢) Conclude that part b) proves Rauch’s Theorem in dimension two.
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