
Exercise Sheet 3

Discussed on 28.04.2021

Problem 1. Let k be a �eld and let f : X → Y be a separable1 map of connected proper smooth
curves over k.

(a) Show that there is a natural exact sequence

0→ f∗Ω1
Y/k → Ω1

X/k → Ω1
X/Y → 0

of sheaves on X.

Hint: To get injectivity of the �rst map, look at the stalk at the generic point.

(b) Deduce that Ω1
X/Y is zero on a dense open subset of X. Assuming that k has characteristic

0, show that for every closed point x ∈ X we have

dimk Ω1
X/Y,x = (ex − 1) · [κ(x) : k],

where ex is the rami�cation index of f at x. In particular, f is rami�ed at only �nitely many
points.

Hint: Use that Ω1 commutes with localization. Show that Ω1
OX,x/k

is free over OX,x and

generated by dπ, where π ∈ OX,x is any uniformizer.

Problem 2. (a) Let E be an elliptic curve over C. Show that for every N > 0, E[N ] :=
ker([N ] : E → E) is isomorphic to (Z/NZ)2.

(b) A level N -structure on E is an isomorphism α : (Z/NZ)2
∼−→ E[N ]. A morphism (E,α) →

(E′, α′) of elliptic curves with level N -structures is a morphism f : E → E′ of elliptic curves
such that α′ = f ◦ α.
Let Γ(N) ⊂ GL2(Z) be the kernel of the projection GL2(Z) � GL2(Z/NZ). Show that there
is a canonical bijection

Γ(N) \ H± ∼←−→ {elliptic curves/C with level N -structure}/ ∼=

(c) Show that for N ≥ 4, the action of Γ(N) on H± is free, i.e. all stabilizers are trivial.

1�f separable� means that the associated �eld extension κ(ηX)/κ(ηY ) of function �elds is separable.


