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Corners theorem

Theorem (Ajtai and Szemerédi, 1974)
Let E C Z x Z be a set with positive upper density

2
d(E) = limsup (ECAL- NP
N—co N2

Then it contains (0o many) corners, that is, subsets of the form

{(a,b),(@a+ n,b),(a,b+n)}, n#Q0.
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Corners theorem

Theorem (Ajtai and Szemerédi, 1974)
Let E C Z x Z be a set with positive upper density
— IEN{1,...,N}?|

d(E) =limsu
( ) Nﬁoop N2

> 0.

Then it contains (0o many) corners, that is, subsets of the form
{(a,b),(@a+ n,b),(a,b+n)}, n#Q0.
Theorem (Bergelson, McCutcheon, and Zhang, 1997)

Let G be a countable amenable group and E C G x G be a set with
positive upper density. Then it contains (co many) corners, that is,
subsets of the form

{(a’ b)v (ga’ b)v (ga’ gb)} g 7é idg.
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3 corner {(av b)7 (gav b)7 (gaa gb)} CE — 1E . T‘Ig1 E - T‘Ing1 E 7é Oa
where T/f(a,b) = f(ga,b), T3f(a,b) = f(a,gb).



Ergodic formulation

3 corner {(a, b),(9a, b),(ga,gb)} C E < 1g - T - T{T1g £0,
where Tf(a,b) = f(ga,b), T3f(a,b) = f(a,gb).
Gelfand—Naimark theorem appplied to a suitable subalgebra

1g € A C (>=(G?) gives a corresponding ergodic measure-preserving
action on a regular Borel probability space
TixTo:Gx G (X, p), CX)=«, /1Edu:d(E).

Theorem (BMZ, 1997)
Letf e L[>=(X,u) withf>0andf#0. Then

I;an)iorlege,:N/f- T7f- T Tfdu > 0.
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Our result

Theorem (Chu, Z.-K., 2013)

Let Ty x T, : G x G~ (X, ) be a measure-preserving action and

f e L>°(X, ) with f > 0. Then for every ¢ > 0 there exists an almost
periodic function x : G — R such that

lim EQGFNX(g)ff' T1gf 7-1gT2gfd'u > (/f3/4du>4 s
N—o0 Egeryx(9) B
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Our result

Theorem (Chu, Z.-K., 2013)

Let Ty x T, : G x G~ (X, ) be a measure-preserving action and
f e L>°(X, ) with f > 0. Then for every ¢ > 0 there exists an almost
periodic function x : G — R such that

jm ZoeaX(@)J I i1 TP T e (/f3/4du)4 — e
N—oo Egeryx(9) -

Corollary
Let E c G x G. Then for every ¢ > 0 the set

R.={geG:d(En(g "id)EN(g',97")E) > d(E)* — ¢}
is both left and right syndetic, that is, for some finite set F C G,

FR. = R.F =G.
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Characteristic factors

Every measure-preserving system admits an extension that we call
magic, i.e. such that
A(X|/2, T1) =LV,

where [; is the Tj-invariant factor (subalgebra of L>(X, u)).
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Characteristic factors

Every measure-preserving system admits an extension that we call
magic, i.e. such that
A(X|/2, T1) =LV,

where [; is the Tj-invariant factor (subalgebra of L>(X, u)).
For a magic system

Jim Eger, x(9) / f. T T9Tdp

= N“LnooEgeFNX(g)/E(f“ V Ki2) - TYE(fll V k) - TY TIE(fll v Ki 2)dp

=:¢(9)
with ¢(g) almost periodic. Choose almost periodic x supported on
{g:c(g) > c(id) — €}.
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Characteristic factors

Every measure-preserving system admits an extension that we call
magic, i.e. such that
A(X|/2, T1) =LV,

where [; is the Tj-invariant factor (subalgebra of L>(X, u)).
For a magic system

Jim Eger, x(9) / f. T T9Tdp

= N“LnooEgeFNX(g)/E(f“ V Ki2) - TYE(fll V k) - TY TIE(fll v Ki 2)dp

=:¢(9)
with ¢(g) almost periodic. Choose almost periodic x supported on

{g:c(g) > c(id) — €}.
Remains to obtain a lower bound for

o(id) = / E(f|Bo) - E(|By) - E(f|B2).
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Product of expectations lemma

Lemma

Letfy,...,f, > 0 be functions on a probability space (X, B, ) and let
By, ..., By C B be arbitrary sub-c-algebras. Then

/foﬁE(f,-yB,-) > (/ﬁfl_n;)nw.
i=1 i=0
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Product of expectations lemma

Lemma

Letfy,...,f, > 0 be functions on a probability space (X, B, ) and let
By, ..., By C B be arbitrary sub-c-algebras. Then

/foile(f,-]B,-) > </an+1>n+1.

Proof.
By Hélder’s inequality

noo1 21 i\ i
/Ef/nﬂ :/ fn+1 HE f‘B l E( {E( f|fB‘)B>0} )
n

1 1
/fOHEfyB "“ H(/W;‘,) . O

i=1 < ~

=[{E(f|B;)>0} <1
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