THE UNIVERSAL PROPERTY OF BORDISM
OF COMMUTING INVOLUTIONS

MARKUS HAUSMANN AND STEFAN SCHWEDE

ABSTRACT. We propose a formalism to capture the structure of the equivariant bordism
rings of smooth manifolds with commuting involutions. We introduce the concept of an
oriented elgo-algebm, an algebraic structure featuring representation graded rings for all
elementary abelian 2-groups, connected by restriction homomorphisms, a pre-Euler class,
and an inverse Thom class; this data is subject to one exactness property. Besides equi-
variant bordism, oriented global ring spectra also give rise to oriented elgo—algebras, so
examples abound. Inverting the inverse Thom classes yields a global 2-torsion group law.
In this sense, our oriented elgo—algebras are delocalized generalizations of global 2-torsion
group laws.

Our main result shows that equivariant bordism for elementary abelian 2-groups is an
initial oriented elgo—algebra. Several other interesting equivariant homology theories can
also be characterized, on elementary abelian 2-groups, by similar universal properties. We
prove that stable equivariant bordism is an initial elgo—algebra with an invertible orienta-
tion; that Bredon homology with constant mod 2 coefficients is an initial elé%o—algebra with
an additive orientation; and that Borel equivariant homology with mod 2 coefficients is an
initial elgo—algebra with an orientation that is both additive and invertible.
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The purpose of this paper is to unveil the universal property of the equivariant bordism
rings for elementary abelian 2-groups. More precisely, we will show that equivariant bordism
of manifolds with commuting involutions is an initial example of a specific kind of algebraic
structure that we call an oriented elfo—algebm. The superscript ‘RO’ refers to the feature that
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gradings by real representations are hard wired into our theory. Our formalism also allows
to characterize several other interesting equivariant homology theories, on elementary abelian
2-groups, by similar universal properties in the category of oriented elgo—algebras; examples in-
clude stable equivariant bordism, Bredon homology with constant mod 2 coefficients, and Borel
cohomology with mod 2 coefficients. In short, stable equivariant bordism is initial among ori-
ented elf‘o—algebras equipped with an invertible orientation; Bredon homology is initial among
oriented elfo—algebras equipped with an additive orientation; and Borel cohomology is initial
among oriented elgo—algebras equipped with an orientation that simultaneously invertible and
additive.

The key new insight that we wish to promote in this paper is that the algebraic structure of
an orientable elfo—algebra arises very naturally in the study of equivariant homology theories
for elementary abelian 2-groups, and that it greatly clarifies and conceptualizes the ‘true’
nature of several prominent equivariant theories. Indeed, for all the theories mentioned in
the previous paragraph, there is a vast literature of explicit calculations, in particular for the
group with two elements. Examples include [2, 4, 5, 6, 7, 10, 12, 15, 28, 29, 30] for equivariant
bordism, [9, 15, 28] for stable equivariant bordism, and [3, 11, 14, 18, 19, 20, 21, 22, 26, 27] for
Bredon homology and cohomology. Many of the answers are in terms of lists of generators and
relations. While often quite explicit, the present authors do not find many of these calculations
conceptually enlightening, and contemplating the answers left us wondering what it actually
means to ‘calculate’ or understand such kinds of mathematical structures. Furthermore, none
of the previous results we are aware of relate to Quillen’s algebraic interpretation [24] of the
bordism ring A, as the 2-torsion Lazard ring, carrying the universal formal group law with
trivial 2-series.

Our approach shifts the emphasis away from explicit calculations of equivariant bordism or
cohomology rings for individual groups of equivariance; we focus on the question: ‘What do
the equivariant rings represent?’ A lesson we learned is that for getting interesting answers,
one might want to:

e consider all elementary abelian 2-groups simultaneously, keeping track of the con-
travariant functoriality in group homomorphisms, and
e remember and exploit the RO-grading by real representations.

We implement these two aspects in the structure an oriented elfo—algebm. Central to this

notion are two distinguished classes of elements, the ‘pre-Euler classes’ a) and the ‘inverse
Thom classes’ ty, indexed by all nontrivial characters A of elementary abelian 2-groups. The
structure is subject to one key regularity property: multiplication by the pre-Euler classes of
nontrivial characters must be injective, with cokernel given by the value at the kernel of the
given character, while the classes t) must restrict to the unit at the trivial group. In the case of
equivariant bordism, ay equals the bordism class of the inclusion {0} — S* of the origin into
the representation sphere associated to A, while ¢ is given by the bordism class of the identity
map S» — S*. In the case of Bredon homology, the classes ay and tj generate the entire
representation-graded ring, subject to certain explicit polynomial relations [18]. The precise
definition of an oriented elg’o—algebra will be given in Definition 1.4. Notably, the category
of oriented elgo—algebras contains the category of 2-torsion formal group laws as a reflective
subcategory via the ‘complete t-invertible’ objects, see Section 8. Hence, in very loose terms,
an oriented elg’o—algebra can be viewed as a delocalized and decompleted version of a 2-torsion
formal group law.

After this attempt to provide motivation for our formalism, we now list our main results.
The first of these, to be proved as Theorem 7.14 below, makes the title of this paper precise:



THE UNIVERSAL PROPERTY OF BORDISM OF COMMUTING INVOLUTIONS 3

Theorem A. Equivariant bordism is an initial oriented elfo—algebm.

We emphasize that in contrast to all previous results that we are aware of, Theorem A
characterizes geometric equivariant bordism in absolute terms rather than relative to the non-
equivariant bordism ring NV. In particular, no a priori connection to formal group laws, nor any
N,-algebra structure, are directly built into the definition of an oriented elfo—algebra. Still,
the regularity properties of the pre-Euler classes together with the functoriality in elementary
abelian 2-groups indirectly induce nontrivial structure also over the trivial group, namely
that of a 2-torsion formal group law. As such, Theorem A can be viewed as a refinement of
Quillen’s theorem [24]; however, our Theorem A does not provide an independent proof of
Quillen’s result, as we rely on it as central input.

We now turn to our next result. Stable equivariant bordism is a certain localization of
equivariant bordism first considered by Brocker and Hook [9, §2]. We call an orientation of
an elg’o—algebra invertible if the inverse Thom classes for all characters of elementary abelian
2-groups act invertibly, see Definition 8.1. Stable equivariant bordism is, essentially by design,
the oriented elfo-algebra obtained from equivariant bordism by inverting all those inverse
Thom classes. The following result is thus an immediate corollary of Theorem A:

Theorem B. Stable equivariant bordism is an initial invertibly oriented el?o—algebm.

Theorem B will be proved as Corollary 8.6 below. As we explain at the end of Section &,
combining Theorem B with the main result of Brocker and Hook [9] yields an independent
proof of a recent result of the first author, namely that the global 2-torsion group law carried
by the global Thom spectrum MO is initial, see [17, Theorem D]. In fact, this earlier result of
the first author was a key motivation for the present project, and some of our arguments are
inspired by arguments from [17].

The next interesting example is Bredon homology with coefficients in the constant Mackey
functor with value Fo; by definition, the Z-graded part of this theory is a copy of Fy con-
centrated in dimension 0. These Bredon homology groups have attracted a certain amount of
attention, and we listed specific references with many explicit calculations above. In this paper
we show an algebraic universal property for the coefficients of Bredon homology. The oriented
elgo—algebra of Bredon homology has a unique orientation, and this orientation is additive
in the sense of Definition 3.3. We use the adjective ‘additive’ because the formal group law
arising from an additive orientation is the additive one, see Example 4.8.

Theorem C. Bredon homology with constant Fs-coefficients is an initial additively oriented
IO -algebra.

Theorem C is proved as Theorem 3.5 below. In our paper [18], we provide an explicit
presentation of the representation-graded Bredon homology rings with constant Fs-coefficients.

The last example whose universal property we discuss is the mod 2 global Borel spectrum
b(HTF5), representing Borel equivariant cohomology with Fa-coefficients. The associated elQRO—
algebra has a unique orientation, and this unique orientation is both additive and invertible.
We prove in Theorem 8.8 that mod 2 global Borel cohomology is characterized by such an
orientation:

Theorem D. Borel cohomology with Fy-coefficients is initial among oriented elf’o-algebms
whose orientation is both additive and invertible.

In Section 9 we explain how our theory can be used to reprove various previous results on
equivariant bordism, in particular the Conner—Floyd exact sequence [12], Alexander’s descrip-
tion [2] of an explicit basis over N, for the bordism ring of involutions, and Firsching’s pullback
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square [15]. In all cases, the results in fact hold for a large class of oriented elg’o—algebras, and
not just for the initial one given by equivariant bordism.
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Foundation; the second author would like to thank SU for the hospitality and stimulating
atmosphere during this visit.

RO
12

1. ORIENTED el -ALGEBRAS

In this section we introduce our main characters, the oriented elfo—algebms. One of the key
points of this paper is the insight that to unveil the universal property of equivariant bordism
for elementary abelian 2-groups, one needs to take the grading by representations into account.
More precisely, the proper book keeping needs the ‘effective’ part of the RO-grading, i.e., the
part that keeps track of the integer graded bordism groups of representation spheres.

We start by fixing notation and terminology to deal with the RO-grading. For every finite
group G, we define a submonoid I of the real representation ring RO(G) by

I¢c = {m € RO(G) : m=k—V for some k € Z and some G-representation V'} .
So the elements of I are formal differences of integers and actual representations. These
submonoids are closed under restriction along homomorphisms o : K — G between finite

groups, i.e., a* : RO(G) — RO(K) sends Ig to Ix. We emphasize that unless the group G
is trivial, the abelian monoid Ig is not a group.

Construction 1.1 (The category elfo). We introduce a category elfo of effective repre-
sentations of elementary abelian 2-groups. Objects of elQRO are pairs (4, m), where A is an
elementary abelian 2-group and m € I4. Morphisms from (B,n) to (A, m) in the category
e1§0 are group homomorphisms « : B — A such that a*(m) = n.
We give the category elfo a symmetric monoidal structure as follows. On objects, we set
(A,m)x (B,n) = (AxB,me®n),
where
m@&n = pi(m)+p;y(n)

is the external sum, with p; : A x B — A and ps : A x B — B the projections to the two
factors. On morphisms, the symmetric monoidal structure is given by product of homomor-
phisms. The symmetry and associativity isomorphisms are the symmetry and associativity
isomorphism for the product of groups. The unit object is (1,0), the pair consisting of the
trivial group 1 and its zero representation. A symmetric monoidal structure on a category is
at the same time a symmetric monoidal structure on its opposite.

Definition 1.2. An el-algebra is a lax symmetric monoidal functor
X : (elf9)°P — Fy-mod

to the category of Fo-vector spaces under tensor product. A morphism of el?o—algebras is a
monoidal transformation.

Since symmetry is part of the definition of an elfo—algebm7 a more precise name for these ob-
jects would have been commutative el?o—algebras. Since we will not consider non-commutative
el?o—algebras (i.e., non-symmetric lax monoidal functors), we have opted for the simpler name.

Expanding the definition reveals that an elgo—algebra X consists of
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e [Fy-vector spaces X (A, m) for every elementary abelian 2-group A and every m € I4,
e a restriction homomorphism

o X(A,m) — X(B,a"(m)) ,

for every group homomorphism « : B — A and every m € 4,
e associative and commutative pairings

x : X(A,m)® X(B,n) — X(Ax B,m®n)

with a multiplicative unit 1 € X(1,0).

Moreover, the restriction homomorphisms must be contravariantly functorial and strictly com-
patible with the multiplicative structure. A morphism f: X — Y of elfo—algebras consists
of additive maps f(A4,m) : X(A,m) — Y (A, m) such that f(1,0)(1) =1 and

f(AX B men)(zxy) = f(A,m)(x)x f(B,n)(y)

for all z € X(A,m) and y € X(B,n).
The multiplicative structure could alternatively be given in ‘internal form’

s X(Am) @ X(A,n) — X(A,m+n),
as the composite
X(A,m)®X(An) =5 X(AxAmen) 25 X(A,m+n),

where A : A — A x A is the diagonal. For fixed A and varying m, this makes the collec-
tion of groups X (A, m) into a commutative I4-graded Fo-algebra. We will often employ the
notation X (A, ) for this I4-graded Fs-algebra. The abelian groups X (A, k) for k € Z form
a commutative Z-graded Fs-algebra, the integer graded subring of this I4-graded Fo-algebra
X (A, ), which we denote by X(A).. The external multiplication can be recovered from the
internal multiplication as the composite
X(A,m)® X(B,n) 2222, X(Ax B,pi(m)) ® X(A x B,pi(n)) — X(Ax B,m&n) .

Remark 1.3. The cautious reader might wonder why we consider functors on isomorphism
classes of representations, and why we abuse notation and use the same symbol for a represen-
tation and for its class in RO(G). In other words: why does our theory not take automorphisms
of representations into account? The reason is that the automorphisms of real representations,
and even all equivariant homotopy self-equivalences of linear spheres, are invisible to the the-
ories we consider. We explain this in detail in Theorem 2.3, but here is already a brief sketch.
All theories relevant to us arise from global ring spectra E in which tr{’(1) = 0, i.e., the trans-
fer from the trivial group to the two element group C vanishes in 7§ (E). This property has
strong consequences for the coefficients of the theory: for every compact Lie group G, the unit
ring map 75 (S) — 7§ (E) from the G-equivariant O-stem sends all units to 1. Consequently,
all G-equivariant homotopy self-equivalences of spheres of real G-representations induce the
identity in the G-homology theory represented by E.

In the following we write C' = {+1} for the group with two elements. A character of a
group G is a homomorphism A : G — C'. We shall consistently confuse such characters with
the associated 1-dimensional G-representation on R with G-action g -z = A(g) - z, and with
the class of this representation in the representation ring RO(G). We write o for the sign
representation of C' on R, corresponding to the identity character of C.
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Definition 1.4 (Orientable elX¥C-algebras). An orientable elX©-algebra is a pair (X, a) con-
sisting of an el¥%-algebra X and a class a € X (C, —0) with the following property: for every
elementary abelian 2-group A, every m € I, and every nontrivial A-character A, the sequence

LA
resye

0 — X(4,m) 25 X(A,m—)\) X (K,resp(m) —1) — 0

is exact, where K is the kernel of A, and a) = A\*(a). We refer to the class a as the pre-FEuler
class of the orientable elfo—algebra. A morphism of orientable elgo-algebras is a morphism of
elgo—algebras that takes the pre-Euler class to the pre-Euler class.

An easy but useful fact is that a morphism of orientable elfo—algebras is already an iso-
morphism if its restriction to all the integer graded subrings is:

Proposition 1.5. Let f : X — Y be a morphism of orientable elfo—algebms. If all the
homomorphisms of Z-graded rings f(A). : X(A), — Y (A), are bijective, then f is an iso-
morphism of elf‘o—algebms.

Proof. We show that for all elementary abelian 2-groups A, all k € Z and all A-representations
W with W4 = 0, the map f(A,k— W) : X(A,k—W) — Y(A,k — W) is an isomorphism.
We argue by induction on the dimension of W. For W = 0 the claim is true by hypothesis.
If W is nonzero, we choose a nontrivial A-character A such that W =V @& A. Then the outer
two maps in the following commutative diagram are isomorphisms by induction, because V'
has smaller dimension than W:

resA
0—= XA k—-V) 2S5 XA E-W) — X(K,k—1-V]|g) —>=0
f(A,kV)J/ lf(A,kW) lf(K,IflVIK)

0——=Y(Ak—V)—=Y(Ak-W) —>Y(K k—1-V|g) —>=0

resK
Since both rows are exact, the middle map is an isomorphism. (Il

For an orientable el¥%-algebra (X, a) we already employed the notation ay = A*(a) for A-
characters A\. Then ay = 0 when A is the trivial character; and multiplication by ay is injective
for all nontrivial characters A. If V' is an A-representation, we define

ay = H a\ € X(A,-V),
A€Hom(A,C)
where m is the multiplicity of the character A in V. Then ay = 0 whenever V' has nontrivial
A-fixed points; and multiplication by ay is injective whenever V4 = 0. These a-classes are
multiplicative and natural for restriction homomorphisms, i.e.,
ay -aw = ayvew and B*(av) = aﬁ*(v)
for all homomorphisms 8 : B — A between elementary abelian 2-groups.

In an orientable elgo—algebra, divisibility by the a-classes of general representations can be
tested separately on the isotypical summands. The next proposition makes this precise.
Proposition 1.6. Let (X, a) be an orientable elgo—algebm, and let A be an elementary abelian
2-group.

(i) Let A be a nontrivial A-character with kernel K. Let x and y be homogeneous elements

of X (A,%). Suppose that rest:(y) is a non zero-divisor in X (K,x). Then x is divisible
by a% if and only if zy is divisible by a¥.
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(ii) LetV be an A-representation with trivial A-fized points. Let z be an homogeneous element
of X (A,x) that is divisible by a\'* for every nontrivial character X of A, where my is the
multiplicity of A in V.. Then z is divisible by ay .

Proof. (i) If z is divisible by a¥, then clearly so is xy. We prove the other direction by induction
on n. The statement is vacuous for n = 0. Now let n > 1. By the induction hypothesis we
know that x is divisible by af\‘fl. Hence there exists an element 2’ such that z = x’a’;fl. Since

T’ ya;‘_1 = zy, and z'y is the unique element with this property, we know that x’y must be

divisible by ay. Hence the restriction resy (2'y) = resi (z') resy(y) is trivial. Since resf:(y) is
a non zero-divisor, this implies that res#(2’) = 0. Hence 2’ is divisible by ay, and therefore z
is divisible by a%. This finishes the proof.

(ii) We argue by induction on the number of nontrivial isotypical summands of V. There
is nothing to show if V' = 0. Otherwise we let x be a nontrivial A-character that occurs in
V. Then V = x™x @ U for an A-representation U with fewer nontrivial isotypical summands.
We let z € X(A,m) be divisible by a}"* for all nontrivial A-characters A\. Then we know by
induction that z is divisible by ay, say z = x - ay for some x € X(A,m+U). We let K denote
the kernel of x. Since x does not occur in U, the representation U has trivial K-fixed points.
So resf (ay) = ay|, is a non zero-divisor in X (K, *). Since z-ay = z is divisible by ay , part
(i) shows that z is divisible by ay *. So z = x - ay is divisible by ay * - ay = ay . O

Definition 1.7 (Oriented el-algebras). An inverse Thom class of an orientable el5'“-algebra
(X,a) is a class t € X(C,1 — o) such that res{(t) = 1, the multiplicative unit in X(1,0). An
oriented elgo-algebm is a triple (X, a,t) consisting of an orientable elgo-algebra and an inverse
Thom class.

Remark 1.8 (The choice of inverse Thom class). If (X, a) is an orientable el¥°-algebra, then
in particular the restriction homomorphism

res{ : X(C,1—0) — X(1,0)

is surjective. So an inverse Thom class exists. Moreover, any two inverse Thom classes differ
by an element of the form a-y, for a unique y € X (C, 1); so the set of inverse Thom classes is a
torsor over the additive group X (C,1). In some important cases, the group X (C, 1) is trivial,
so that there is a unique inverse Thom class. This holds for example for equivariant bordism,
and for Bredon homology.

The choice of inverse Thom class is essential, and the automorphism group of an orientable
elgo—algebra need not act transitively on the set of inverse Thom classes. An explicit example
is the orientable elgo—algebra (H A H)? arising from the ‘global dual Steenrod algebra’, where
H = HF, is the global Eilenberg-MacLane spectrum of the constant Mackey functor. As we
plan to discuss elsewhere, (H A H)* has exactly four inverse Thom classes, falling into two
distinct orbits under the automorphism group of (H A H).

Similarly as for the pre-Euler class, we will use the notation
th = A'(t) € X(A4,1-))

for an inverse Thom class ¢t and an A-character A. The inverse Thom class of the trivial
character is the multiplicative unit 1. And we extend the inverse Thom classes to general
A-representations by defining

(1.9) tv = [ &,

A€Hom(A,C)
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where m) is the multiplicity of the character A in V. These inverse Thom classes are also
multiplicative and natural for restriction, i.e.,

ty -tw = tyew and [*(ty) = tg-v)

for all homomorphisms 5 : B — A between elementary abelian 2-groups.

Proposition 1.10. Let (X, a,t) be an oriented elQRO—algebm.

(i) For every subgroup B of A, and for all m € I, the restriction homomorphism
resy : X(A,m) — X(B,resi(m))

18 surjective.
(ii) The I4-graded algebra X(A,x) is generated by its Z-graded subalgebra X (A). and the
classes ay and ty for all nontrivial A-characters .

Proof. We prove both statements together by induction over the rank of A. The induction
starts when A is the trivial group, in which case there is nothing to show. Now we let A be
a nontrivial elementary abelian 2-group, and we assume that (i) and (ii) hold for all proper
subgroups of A.

To prove (i) we may assume that B is a proper subgroup of A. We write m = k — W
for an A-representation W with W4 = 0. By (ii) for B, it suffices to show that all classes
of the form z - ay - ty are in the image of the restriction homomorphism, whenever U and
V' are B-representations such that U @ V = W/|p, and & € X(B). Because W is a sum of
1-dimensional A-representations, we may choose an A-equivariant decomposition W = U & V/
such that Ulgp = U and V|g = V. We also choose a homomorphism 7 : A — B that is a
retraction to the inclusion. Then

resp(r*(z) -ag -ty) = z-ay -ty ,
and we have shown (i) for A.

For (ii) we also fix a representation grading m = k — W, with W# = 0. We prove the claim
for all classes in X (A, k—W) by induction over the dimension of W. There is nothing to show if
W = 0. Otherwise we write W = V @\ for an A-representation V' and a nontrivial A-character
A, with kernel K. By part (i), the restriction map res# : X(A,k—1-V) — X (K, k—1-V|g)
is surjective. So given x € X(A,k — W), there is a class z € X(A,k — 1 — V) such that
resi(z) = res#(z). Then

resp(x +ty - 2) = resp(z) fresp(z) = 0.

The fundamental exactness property of an orientable elf‘O—algebra provides a class y €
X(A,k — V) such that ay -y = x + t) - z. By the inductive hypothesis, the classes y and
z are X (A).-linear combinations of products of a-classes and t¢-classes. Hence the same is true
for x =y - ay + z - ty, and we have shown (ii). O

2. ORIENTED GLOBAL RING SPECTRA

In this section we explain how orientable global ring spectra give rise to orientable e1§0-
algebras, see Construction 2.4 and Theorem 2.5, leading to a wealth of interesting examples.
For the purpose of this paper, a global ring spectrum is a commutative monoid object in the
global stable homotopy category of [25, Section 4.4], under the globally derived smash product
[25, (4.2.25)]. So informally speaking, a global ring spectrum is a consistent collection of
G-equivariant homotopy ring spectra, for every compact Lie group G.

In this paper, we mostly care about the underlying G-spectra of a global spectrum when G
is an elementary abelian 2-group. So we could have worked in the els-global stable homotopy
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category, the Bousfield localization of the global stable homotopy category that is designed so
that it only ‘sees’ the values of a global spectrum at the global family els of elementary abelian
2-groups. However, since every els-global ring spectrum is underlying a global ring spectrum
(in many different ways), working with global ring spectra is no loss of generality. Moreover,
some interesting results, specifically Proposition 2.1 and Theorem 2.3 below, refer to general
compact Lie groups.

We recall that a global functor in the sense of [25, Definition 4.2.2] is an additive functor
from the global Burnside category of [25, Construction 4.2.1] to the category of abelian groups.
In more explicit terms, a global functor specifies values on all compact Lie groups, restriction
homomorphisms along continuous group homomorphisms, and transfers along inclusions of
closed subgroups; these data have to satisfy a short list of explicit relations that can be found
after Theorem 4.2.6 of [25]. The primary invariant of a global spectrum F is the homotopy
group global functor 7,(FE) = {n§(E)}¢ that records the 0-th equivariant homotopy groups
for all compact Lie groups, along with the restriction and transfer maps that relate them, see
[25, Example 4.2.3]. One of the transfer homomorphisms plays a particularly important role
for this paper, namely the transfer

tr{ : m(E) — 7§ (E)

from the homotopy group of the underlying non-equivariant spectrum to the C-equivariant
homotopy group.

In the following proposition, S denotes the global sphere spectrum, so that m,(S) is the
Burnside ring global functor, compare [25, Example 4.2.7]. The value of 7, (S) at a compact
Lie group G is the G-equivariant stable stem 7§ (S) = colim[S",SV]¢¥, where the colimit
is over finite-dimensional G-subrepresentations of a complete G-universe. When G is finite,
7§ (S) is isomorphic to the Grothendieck ring of isomorphism classes of finite G-sets.

For every closed subgroup H of GG, the ring homomorphism
o . 7§(S) — 7

sends the class of a based continuous G-map f : S¥ — SV to the degree of the restriction
H H

fH:8VT — SV to H-fixed points. These homomorphisms are jointly injective, i.e., classes

in 7r8; (S) are detected by the collection of fixed point degrees, see for example [25, Theorem

3.3.15).

Proposition 2.1. Let (tr{) denote the global subfunctor of m,(S) generated by the transfer
tr{ (1) in 7§ (S). Let G be a compact Lie group.
(1) A class x € 7§(S) belongs to (tr$)(G) if and only if for every closed subgroup H of G
with finite Weyl group, the integer ®H (x) is even.
(ii) For every unit u € n§(S), the class u — 1 belongs to (tr{)(G).

Proof. (i) As we show in the proof of [25, Proposition 6.1.45], the value (tr{')(G) is the subgroup
of 7§ (S) generated by 27§ (S) and by the transfers t§ = tr% (1) for all closed subgroups H of
G whose Weyl group is finite and of even order. The degree homomorphism ®X : 7§ (S) — Z
is additive, so it takes even values on all classes in 2 - 7§ (S). If the Weyl group of H in G
is finite of even order, then there is a closed subgroup L of G that contains H as a normal
subgroup of index 2. Then

R (1) = @ (resf (trf (trf (1n)))) -

The Weyl group WgH acts freely from the right on the coset space G/H, and hence it acts
freely and smoothly on the smooth closed manifold (G/H)X. By [25, Proposition 3.4.2 (ii)],



10 MARKUS HAUSMANN AND STEFAN SCHWEDE

the integer ®X (%) is divisible by the order of W H, and hence even. We have thus shown
that every class in (tr{')(G) has even fixed point degrees.

For the converse we consider a class with even fixed point degrees. By the previous para-
graph, any such class is congruent modulo (tr{')(G) to a class of the form

t?<1+"'+t§n

for pairwise non-conjugate closed subgroups Kj, ..., K, of G whose Weyl groups are finite and
of odd order. If the above sum had at least one summand, we assume without loss of generality
that K3 is maximal with respect to subconjugacy among the groups that occur, i.e., K7 is not
subconjugate to K; for i = 2,...,n. Then for i = 2,...,n, the fixed point set (G/K;)¥* is
empty, and thus ®¥* (t% ) = 0. Hence

Fr G+ 1§ ) = M) = |WeK|.

This contradicts the assumption that all fixed point degrees are even. So the above sum must
be empty, i.e., the given class belongs to (tr{')(G).
(ii) The degree homomorphism ®# : 7§ (S) — Z is multiplicative, so it sends all units of

7§ (S) to {£1}. Hence ® (u — 1) is even, and part (i) proves the claim. O

Now we introduce orientable global ring spectra, our main source of examples for orientable
elfO-algebras.

Definition 2.2. A global ring spectrum F is orientable if the class tr{ (1) in the group E§ =
C

w5 (E) is trivial.

Some important examples of orientable global ring spectra are the mod 2 global Eilenberg-
MacLane spectrum HF,, see Example 3.2, and the global Thom spectrum mO defined in [25,
Example 6.1.24]. These are specific global equivariant forms of the mod 2 Eilenberg-MacLane
spectrum and the classical real bordism spectrum. The global ring spectrum HF, represents
Bredon homology with constant coefficients, and the global ring spectrum mO realizes the
orientable elzRO—algebra N of equivariant bordism. We return to these examples in much
detail in Sections 3 and 6, respectively. Further examples that we discuss below are the global
Thom ring spectrum MO defined in [25, Example 6.1.7] that represents stable equivariant
bordism, see Corollary 8.6 and the remarks immediately thereafter; and the global Borel ring
spectrum associated to the mod 2 Eilenberg-MacLane spectrum, see Theorem 8.8. For these
four examples, we establish universal characterizations of the associated oriented elgo—algebra,
see Theorem 3.5, Theorem 7.14, Corollary 8.6 and Theorem 8.8, respectively. The global smash
product of an orientable global ring spectrum with any other global ring spectrum is again
orientable, so this yields many further examples.

The next theorem shows that orientability of a global ring spectrum has rather strong
consequences for the homotopy group global functor.

Theorem 2.3. Let E be an orientable global ring spectrum, and let G be a compact Lie group.

(i) All G-equivariant homotopy groups of E are Fa-vector spaces.
(ii) The ring homomorphism 1. : 75(S) — n§'(E) = E§ induced by the unit morphism
n:S — E sends all units of 7§ (S) to 1.
(iii) For every G-representation V and every G-equivariant based homotopy self-equivalence

¥ : SV — SV the automorphism EC(SY) of ES(SV) is the identity.
Proof. (i) The vanishing of the class tr{'(1) yields
2 = res(tr§ (1)) = 0
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in mo(E). Since all equivariant homotopy groups of E are modules over m(F) via inflation,
they are all Fa-vector spaces.

(ii) As G varies over all compact Lie groups, the homomorphisms 7, : 7§ (S) — 7§ (E)
form a morphism of global functors 7, : 7, (S) — m(E). Because tr{ (1) = 0 in 7§ (E), the
global subfunctor (tr{’) of m,(S) maps to 0 under the morphism 7,. Hence by Proposition 2.1
(ii), the homomorphism 7, sends all units in 7§ (S) to 1.

(iii) The automorphism E%(SY) of EF(SY) coincides with multiplication by the image of

[¢] € 7§ (S) under the ring homomorphism 7, : 7§ (S) — 7§ (E). Since ¢ is a homotopy
self-equivalence, the class [¢/] is a unit in 7§ (S), so part (ii) proves the claim. O

Construction 2.4 (The elfo—algebra of an orientable global ring spectrum). We let E be an
orientable global ring spectrum. We will now define an associated elgo—algebra Ef. We write
any given m € I, as m = k — V for an integer k and an A-representation V with trivial fixed
points. Then £ is unique, and V is unique up to isomorphism. We set

E*(A,m) = E*Ak—V) = E}SY).

A key point is that this assignment is independent up to preferred isomorphism of the choice
of V. Indeed, an isomorphism of A-representations ¢ : V. — W induces an equivariant
homeomorphism S¥ : S¥ — SW' | and hence an isomorphism of equivariant homotopy groups

ENSY) « BASY) — EMSY).
Theorem 2.3 (iii) guarantees that this isomorphism does not depend on the choice of 1.
The restriction map along a morphism a : (B,a*(m)) — (A,m) in elZ9 is defined as
follows. We choose an A-representation V' and a B-representation W without fixed points so

that m = k — V and a*(m) = [ — W for integers k > . There is then an isomorphism of
A-representations

Y oot (V) 2 WeRH.
We define
o : EY(A,m) — FE*(B,a*(m))

as the composite
. . B (g _ Agh—t
BASY) < BP(s V) L pp(sweRt) S pp(sW) .

The first map is the restriction homomorphism of equivariant homotopy groups [25, Construc-
tion 3.1.15], and the final isomorphism pointing backwards is the suspension isomorphism.
Theorem 2.3 (iii) guarantees that o* does not depend on the choice of 1. The multiplication
pairings are defined as the composite

E*(A,m) x E*(B,n) = E{(SY) x EE(sV)
s T XBEANSY ANEASY)
L 7w XB(EASYOY) = EYAx Bmén).
Here we have exploited that m +n = (k+1) — (V@ W) in Iaxp.

The fixed point inclusion S° — S defines an element a € 7§ (S A S?) that is sometimes
called the (pre-)Euler class of the sign representation; we abuse notation and use the same
symbol for the image

a€ ES(S°) = E*C,—0)
under the unit morphism S — F.
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Theorem 2.5. For every orientable global ring spectrum E, the pair (E*, a) is an orientable
el?o—algebm.

Proof. We exploit that the sequence of equivariant homotopy groups

resS tr¢
EY(S7) —= Ei(S') —— E{(S")
is exact. Because F is orientable, we have tr{ (1 A S1) = tr{' (1) A S* = 0, and we can choose a
class t € E{(S7) that restricts to 1 A S'. We use ¢ to define classes ty € EZ(SY) as in (1.9),
for all representations V' of elementary abelian 2-groups A, where d = dim(V). We claim that
the following three properties hold for all A-representations W:

(i) For every subgroup B of A, the restriction homomorphism
resp : E}SY) — EP(SWe)

is surjective.
(ii) Suppose that W = V@A for a nontrivial A-character A with kernel K. Then the following
sequence is exact:

A
resy

0 — ELSY) =2 EASVEY EE (8VIxy — 0

(iii) The graded Fao-vector space E2(SW) is generated as a graded E4-module by the classes
ay - ty for all A-representations U and V such that UV = W.

Part (i) is the exactness property that shows that (E¥, a) is an orientable el5?-algebra.

The argument is similar as in the proof of Proposition 1.10: we prove all three statements
together by induction over the rank of A. The induction starts when A is the trivial group, in
which case there is nothing to show. Now we let A be a nontrivial elementary abelian 2-group,
and we assume that parts (i)—(iii) hold for all proper subgroups of A.

We start by proving (i), where we may assume that B is a proper subgroup of A. By part (iii)
for B, it suffices to show that all classes of the form x-ay -ty are in the image of the restriction
homomorphism, whenever U and V' are B-representations such that U@V = W|g, and z is a
homogeneous element of EZ. Because W is a sum of 1-dimensional A-representations, we may
choose an A-equivariant decomposition W = U @ V such that res(U) = U and resap (V) = V.
We also choose a homomorphism r : A — B that is a retraction to the inclusion. Then

resp(r*(z) ag -ty) = x-ay -ty ,

and we have shown (i) for A. To prove (ii) we smash the cofiber sequence of based A-spaces
AJK, — S — S* — A/K,AS!
with SV and apply A-equivariant E-homology, yielding a long exact sequence:
L BASY) S B(SVEY) L BAL(SYANAJKL) —

The Wirthmiiller isomorphism identifies the group Ef* | (SY A A/K ) with EF (SVIx). Un-
der this identification, the boundary map 0 becomes the restriction homomorphism resf} :
EASVEN) — E,ﬁil(SV‘K), which is surjective by (i). So the long exact sequence decom-
poses into short exact sequences, showing (ii).

We prove (iii) by induction on dim(W)—dim(W4). If A acts trivially on W, the EA-module
EA(SW) is free of rank 1 with basis the class tyy, so the claim holds. If W acts nontrivially
on W, we write W =V @ X for an A-representation V and a nontrivial A-character A\, with
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A 1(SY) — EE_|(SVI) is surjective.
So given x € E{(S"W), there is a class z € E/x_(SY) such that ress(2) = resf-(x). Then

kernel K. By part (i), the restriction map res# : Fs

resp (x4 2 - ty) = resp(z) +resp(z) = 0.

Part (ii) provides a class y € E{}(S") such that y-ay = z+z-t5. By the inductive hypothesis,

the classes y and z are EA-linear combinations of products of a-classes and t-classes. Hence
the same is true for z = y - a) + 2z - t5, and we have shown (iii). O

3. THE UNIVERSAL PROPERTY OF BREDON HOMOLOGY

In this section we discuss Bredon elfo-algebms, i.e., orientable elgo-algebras whose Z-
graded parts consist only of a copy of Fy in dimension zero, see Definition 3.1. As the name
suggests, Bredon homology of representation spheres with constant mod 2 coefficients is an
example of a Bredon elQRO—algebra. Our main result, Theorem 3.5, exhibits a universal prop-
erty: every Bredon elfo—algebra is initial among additive oriented elfo—algebras. It follows
that Bredon elf’o—algebras are unique up to unique isomorphism, a fact that is not entirely
obvious, at least to the authors, from the definition.

Definition 3.1. A Bredon elgo—algebm is an orientable elgo—algebra H such that for every
elementary abelian 2-group A and all k € Z we have

Fy  for k=0, and

H(A), = H(A k) = {0 for k # 0.

As the following example shows, Bredon elfo—algebras exist. Theorem 3.5 below proves
that Bredon el?o—algebras are unique up to unique isomorphism.

For every elgo—algebra X, any two choices of pre-Euler classes differ by multiplication with
a unit in X(C,0). Furthermore, as we discussed in Remark 1.8, the difference between two
choices of inverse Thom classes is an element of the form a -y, for y € X(C,1). If H is a
Bredon el}-algebra, then H(C,0)* = F} = {1} and H(C,1) = 0. Therefore, the pre-Euler
class and the inverse Thom class of a Bredon elQRO—algebra are unique.

Example 3.2 (The global Eilenberg-MacLane spectrum). We let HF, denote the classical
commutative orthogonal ring spectrum model for the Eilenberg-MacLane spectrum for the
field Fy, as defined for example in [25, Construction 5.3.8]. By [25, Proposition 5.3.9], its
restriction to finite groups is an Eilenberg-MacLane ring spectrum for the constant global
functor with value Fo. So HF, represents Bredon homology and cohomology with coefficients
in the constant Mackey functor Fa.

Because the transfer tr{’(1) is trivial in Bredon homology with constant mod 2 coefficients,
HF, is an orientable global ring spectrum. By Theorem 2.5, the pair ((HF,)* a) is an ori-
entable elfo—algebra, and hence a Bredon elfo—algebra in the sense of Definition 3.1.

Definition 3.3 (Additive oriented el5%-algebras). An oriented el5%-algebra (X, a,t) is addi-
tive if the class

altutg + tlath + tlt'ua2
in X(C xC,2— (p1 ® u®p2)) is trivial. Here py, ps, n : C x C — C' are the three nontrivial
characters of the group C' x C, and we abbreviate a,, to a;, and £, to t;.

The term ‘additive’ in the previous definition is motivated by the fact that the 2-torsion
formal group law associated to an additive elgo—algebra is the additive formal group law, see
Example 4.8 below.
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Example 3.4 (Bredon elf-algebras are additive). We let (X,a,t) be an oriented elZ°-
algebra. The class ait,ta + t1a,ts + tit,ae in X(C' x C,2 — (p1 & 1 @ p2)) is in the kernel of
all three restriction maps from C' x C' to C. By the fundamental exactness property, this class
is divisible by each of a1, a, and ay. Proposition 1.6 (ii) then shows that the class is divisible
by the product aja,as. So there is a class z € X(C x C), such that

zZ-a10,02 = altutg + tlautg + tltuag.

If the group X(C x ()3 is trivial, then the class z necessarily vanishes, and so (X, a,t) is
additive. This is the case in particular for all Bredon elX-algebras.

The following main result of this section is the fact that every Bredon elgo-algebra is initial
among additive elgo—algebras. In the proof we will start using the notation

A° = {A: A— C | \is surjective}
for the set of nontrivial characters of an elementary abelian 2-group A.

Theorem 3.5 (Universal property of Bredon homology). Let H be a Bredon elgo—algebm,
and let X be an orientable elfo—algebm.

(i) Ewvaluation at the unique inverse Thom class of H is a bijection between the set of mor-
phisms of orientable elgo-algebms from H to X, and the set of those inverse Thom
classes t of X such that (X, a,t) is additive.

(ii) Any two Bredon elgo—algebms are uniquely isomorphic.

Proof. (i) The unique orientation and inverse Thom class make (H,a,t) additive, so every
morphism of orientable elfo—algebras sends t to an inverse Thom class of an additive orienta-
tion.

Now we prove the uniqueness. Proposition 1.10 (ii) shows that H(A,x) is generated as
an [ 4-graded Fao-algebra by the classes ay and t) for all nontrivial A-characters, where t is
the unique inverse Thom class; so every morphism f : H — X of oriented elfo—algebras is
determined by its effect on the pre-Euler class a and the inverse Thom class .

Now we show the existence of the morphism for the specific example H* = (HF,)*, the
Bredon elgo—algebra given by the Bredon homology of representation spheres, see Example
3.2. We will exploit the presentation of the rings H*(A,x) obtained in [18, Theorem 2.5]. We
let (a,t) be an additive orientation of X. We let T C A° be any set of nontrivial A-characters
whose product [[ o, A is the trivial character. We claim that the class

T(T) = Zd,\'( H fﬂ)

AT HET\{\}

in X(A,|T| —1—&,cpA) equals 0. We prove this by induction over the cardinality of 7. A
non-empty subset of A° whose elements multiply to 1 must have at least 3 elements, so we
start the induction for T = {a, 8,7} with - -+ =1. Then

T({O" ﬂ» 7}) = 5’06{5{7 + {adﬁf’v + {06555’7
= (a,7)" (artuls + tiauts + t1t,a2) = 0
by the additivity hypothesis, where (o,7): A — C x C.

Now we suppose that the set T" has at least 4 elements. We pick two distinct elements o # 3
from T, and we set v = - 8. If v € T, then the sets T\ {«, 3,7} and {«, 3,7} both have
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fewer elements than 7', and for both the product of their elements is the trivial character. So
r(T'\{«,B8,7}) =0 and r({a, 8,7}) = 0 by induction. Thus

r(T) = tatgty - r(T\{a,5,7}) + r({a; 8,9} [ & = 0.
neT\{e.f,7}
If v ¢ T, then the sets (T'\ {a, 8}) U {7} and {a, 8,7} both have fewer elements than T, and
for both the product of their elements is the trivial character. So r((T'\ {a, 8}) U{7v}) =0
and r({a, 8,7}) = 0 by induction. Thus

ay - r(T) = (aatp +taag) - r(T\{a, B U{}) + r({e,8,9}) - r(T\{e, 5}) = 0.

Since multiplication by a. is injective, we conclude that »(7") = 0. This completes the inductive
step, and hence the proof of the claim.

By [18, Theorem 2.5], the I4-graded ring H*(A, %) is generated by the classes ay and t, for
all nontrivial A-characters A, and the ideal of relations between these classes is generated by
the polynomials 7(T) as T runs through all minimally dependent subsets of A°. Minimally
dependent sets of nontrivial characters in particular have the property that their elements
multiply to the trivial character. By the previous claim, all generating relations map to 0 in
X (A, *). So there is a unique morphism of I4-graded Fs-algebras

f(A%) @ H¥Y A% — X(A %)

such that f(A,—X)(ax) = ax and f(A4,1 — X)(tx) =ty for all A € A°. For varying A, these
homomorphisms are compatible with restriction along group homomorphisms, simply because
this holds for a- and t-classes and these generate H®(A, ) as an Fo-algebra. We have thus
constructed the desired morphism f: Hf — X.

(ii) We let H be any Bredon el¥©-algebra. Then H has a unique orientation, which is more-
over additive. So part (i) provides a unique morphism of orientable el5?-algebras f: Hf — H
that matches the orientations. This morphism is necessarily an isomorphism in integer degrees,
and hence an isomorphism of orientable el?o—algebras, see Proposition 1.5. ([

4. THE ASSOCIATED 2-TORSION FORMAL GROUP LAW

As we shall now explain, the underlying Fy-algebra of every oriented elgo—algebra (X,a,t)
naturally comes with a 2-torsion formal group law, obtained roughly speaking by expanding
the Euler class e, of the multiplication y : C x ' — C' in terms of the Euler classes of the
two projections. As we will see later, a lot of the structure of (X, a,t) can be recovered from
this underlying 2-torsion formal group law and the geometric fixed point rings of X.

Construction 4.1 (Localization away from t). We define the localization away from ¢ of an
oriented elgo—algebra (X,a,t) by inverting all inverse Thom classes. For every elementary
abelian 2-group A, we let (t71X)(A) be the integer graded part of the localization of the
Is-graded ring X (A, *) obtained by inverting all classes of the form ¢, for all nontrivial A-
characters A\. Homogeneous elements of degree k of (t71X)(A) are thus fractions of the form
x/ty for some A-representation V, and some z € X(A,k + |V| — V). These fractions then
satisfy

x/tv = (x-tw)/tv@w and x/tv~y/tw = (:C-y)/tV@W .
The localizations away from ¢ come with restriction homomorphisms o* : (t71X)(A4) —

(t71X)(B) that are contravariantly functorial for group homomorphisms o : B — A, and
defined by the formula

a*(z/ty) = o™ (x)/ta=(vy -
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Definition 4.2 (Euler classes). Let (X, a,t) be an oriented el}“-algebra. The Euler class of
a nontrivial character A of an elementary abelian 2-group A is the class

ex = ay/tx = N(a/t) € t71X)(A)_,
of degree —1 in the localization away from ¢ of X.
Fori=1,...,n, we let p; : C™ — C be the projection to the i-th factor. We write
e = ep, = piaft) € (T X)(C")
for the Euler class of p;.

Proposition 4.3. Let (X,a,t) be an oriented elfO—algebm and n > 0. The FEuler classes
€1, ..., en form a reqular sequence in the graded ring (t~1X)(C™) that generates the kernel of
the restriction homomorphism

res{” . (tTIX)(CM) — X(1).

Proof. We argue by induction over n, beginning with n = 0 where there is nothing to show.
Now we assume n > 1. Because localization is exact, the sequence

0 — (' X)(CMpr L5 (IX)(CM). Lo ¢X)CY), — 0

is exact, where j = (1,—) : C"1 — C™ is the embedding as the last n — 1 factors. So e;
is a non zero-divisor, and the restriction homomorphism j* identifies (t71X)(C™)/(e1) with

(t71X)(C™1). By induction hypothesis, the images of the classes ey, ...,e,_1 are a regular
sequence in (t71X)(C"~1) that generates the augmentation ideal. Since j*(e;) = e;_1 for
2 < i < n, this completes the inductive step. ([

A key tool in our arguments will involve expansions of elements of certain rings as power
series in a distinguished regular element. We will now set up some theory around this in
a systematic fashion. In the following we will use the term graded ring as short hand for
‘commutative Z-graded ring’. The next proposition is well-known; since it is central for various
of our arguments, we take the time to spell it out as a point of reference.

Proposition 4.4. Let (eq,...,e,) be a reqular sequence of homogeneous elements of a graded
ring R. Let s : S — R be a graded ring homomorphism whose composite with the projection
R — R/(e1,...,en) is an isomorphism.

(i) The completion of R at the ideal (ey,...,e,) is a power series algebra over S in the
elements ey, ..., e,.

(ii) Let T be a graded ring that is complete with respect to a homogeneous ideal J. Then the
map

{p € grRing(R,T): p(e1,...,e,) C J} —> grRing(S,T) x J"
p > (ps,pler),. .., plen))
1s bijective.
Proof. We write I = (eq,...,e,) for the ideal generated by the regular sequence. It is a
classical fact that because of the regularity, the unique R/I-algebra homomorphism

(R/I)[ﬂfl,,xn] — @Ik/lk+1
k>0

that sends z; to e; +I? is an isomorphism, see for example [8, §9.7, Théoréme 1]. In particular,
I*/I*+1 is a free R/I-module on the residue classes of the monomials of exact degree k in
€1,...,en. Thus by induction on k, the underlying S-module of R/I**1 is free on the residue
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classes of the monomials of degree at most k. So R/I**! is a truncated polynomial algebra
over S, and the completion of R at I is a power series algebra over S on the classes eq, ..., e,
giving (i). This power series algebra is free when it comes to morphisms with complete targets,
yielding (ii). O

Definition 4.5. Let (eq,...,e,) be a regular sequence of homogeneous elements of a com-
mutative graded ring R, and let s : S — R be a ring homomorphism whose composite with
the projection R — R/(e1,...,e,) is an isomorphism. The power series expansion of R at
€1,...,6n is the unique morphism d : R — Sfey,...,e,] of graded S-algebras that sends e;
toe; forall 1 <i<n.

Construction 4.6. We let (X, a,t) be an oriented elQRO—algebra and n > 0. The inflation
homomorphism p* : X (1) — (¢71X)(C™) is a section to the restriction homomorphism
res?n. Since the kernel of reslcn is generated by the regular sequence of Euler classes e, .. ., e,
Proposition 4.4 provides a unique graded X (1)-algebra homomorphism
dm . t7'xX)(C) — X(D)[ed,...,en]

that sends e; to e; for all 1 < i < n, the power series expansion in the Euler classes eq,...,e,.

We recall that a 2-torsion formal group law over a graded commutative ring R is a power
series F(z,y) € R[z,y] that is homogeneous of degree —1 with respect to the grading deg(z) =
deg(y) = —1, and that satisfies

F(z,0) =z, F(z,y)=F(y,z), F(z,F(y,2))=F(F(z,y),z) and F(z,z)=0.

In the next theorem and in what follows, we shall write y : C' x C — C for the multiplication

homomorphism.

Theorem 4.7. Let (X, a,t) be an oriented elgo—algebm. The image of the Euler class e,
under the power series expansion

d? . (7' X)(CxC) — X(1)[er,es]
is a 2-torsion formal group law over the graded ring X (1), the formal group law of (X, a,t).

Proof. We let o : C™ — C? be a group homomorphism, for some n > 1. We claim that the
following diagram of graded X (1)-algebras commutes:

*

(t1X)(C?) ——— (' X)(C")

X(1)[e1, e2] X(W)[er,- .-, en]

Here o is the unique graded X (1)-algebra homomorphism that satisfies a®(e;) = d"(ep,q) for
¢ = 1,2. Indeed, both composites have the same effect on the regular sequence (e1,es) that
generates the augmentation ideal of (t~*X)(C x C). So they coincide by Proposition 4.4 (ii).
The commutativity of the diagram then yields

af(Fler,e2)) = a(d*(en)) = d"(a"(ep)) -

We derive the four relations of a 2-torsion formal group law by specializing for five dif-

ferent choices of a. When « is the inclusion of the first factor i; : C — C x C, then

zi : X(1)[er, ea] — X (1)[e1] sets eo =0, and i (e,) = e1, so we get

F(e1,0) = i3(F(e1,e2)) = d'(e1) = ey .
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When a is the diagonal A : ¢ — C x C, then 6% : X(1)[ey, ea] — X (1)[e1] sends both e,
and ey to eq, and §*(e,) = 0, so we obtain

F(el,el) = AH(F(el,eg)) = dl(O) = 0.
When « is the involution 7 : C x C — C x C that interchanges the two factors, then

7% 0 X(1)[e1,ea] — X(1)[e1,ea] interchanges e; and ez, and 7(e,) = e,; so we get the
commutativity relation

F(eg,e1) = 79(F(ey,ez)) = d2(eﬂ) = F(e,ea) .

For a« = px C : C® — C? we have pi(u x C) = popra, for p1o : C3 — C? the
projection to the first two coordinates, and py(u x C) = p3. So the homomorphism (p x C)% :
X(1)[e1, e2] — X(1)[ex, ez, e3] sends e1 to d*(pf 5(en)) = d*(ey) = F(e1, e2), and it sends ey
to e3. So we obtain

F(F(er,e2),e3) = (nx O (Fler,e2)) = d*((nx C)(ep)) -
The analogous argument for a = C' x p yields
Fler, Flez,e3)) = d*((C x p)*(ey)) -

Because (1 x C)*(e,) = (C x n)*(e,,) (the multiplication of C is associative), this establishes
the associativity relation F'(F'(e1,eq),e3) = F(e1, F(ea,e3)). O

Example 4.8 (Additive orientations yield additive formal group laws). Let (X, a,t) be an
additive elfo—algebra in the sense of Definition 3.3, i.e.,

artyty + tiaute + tityas = 0
in X(CxC,2— (p1 ®udps)). Then
e1+e,+e = (aityts +tiaute +tit,a0)/tit,ta = 0.
So
F(ey,e2) = dZ(eH) = d*(e1 +e3) = e+ e,

i.e., the formal group law is the additive formal group law.

5. GEOMETRIC FIXED POINTS

To establish the universal property of equivariant bordism, we shall make use of the geo-
metric fixed points of an orientable elfo—algebra, obtained by inverting all the a-classes of all
nontrivial characters. For orientable elgo-algebras that arise from global ring spectra, this
construction generalizes the geometric fixed point construction for equivariant spectra, see
Remark 5.3 below, thence the name.

We also discuss various ways in which the power series expansions of the previous section
can be extended to Laurent series expansions on geometric fixed points. The main result is the
integrality criterion of Theorem 5.8 that allows to detect when a class in the geometric fixed
point ring ®2X arises from a class in X (A),. This criterion will be used in Theorem 5.14 to
show how morphisms of oriented elg’o—algebras can be recovered from the induced morphisms
of geometric fixed point rings.

Construction 5.1 (Geometric fixed points). We let (X, a) be an orientable el¥?-algebra. For
every elementary abelian 2-group A, we define the ring of A-geometric fized points ®2X as
the integer graded part of the localization of the I4-graded ring X (A, x) obtained by inverting
all classes of the form a, for all nontrivial A-characters A. Homogeneous elements in @‘?X
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are thus fractions of the form z/ay for some A-representation V' with trivial fixed points and
some x € X(A,k — V). These elements satisfy the relations

z/ay = (x-aw)/avew  and  z/av-ylaw = (z-y)/avew
for all A-representations W with W4 = 0. In an orientable elf’o—algebra, multiplication by
the classes ay is injective; hence also the maps —/ay: X(A,k — V) — ®£X are injective.
The geometric fixed point rings enjoy inflation homomorphisms, i.e., they are contravari-
antly functorial for epimorphisms 8 : B — A. Indeed, $*(ax) = axg, so the inflation
homomorphism 8* : X (A,+) — X (B, *) induces a ring homomorphism g* : #4X — ®BX
of localizations. In terms of the above presentation as fractions, we have

(5.2) B (x/ay) = B*(z)/ag-(v) -

We emphasize a crucial difference between ®2X, the localization away from a, and the
localization (¢t~ X)(A) away from ¢ discussed in Construction 4.1: the latter admit restriction
homomorphisms for all group homomorphisms, the former only admit inflations, i.e., restriction
along epimorphisms.

Remark 5.3 (Relation to geometric fixed points of equivariant spectra). As already mentioned
above, the term ‘geometric fixed points’ for the localization of an orientable elfo—algebra away
from the a-classes is motivated by the topological examples. Indeed, for every compact Lie
group G and every genuine G-spectrum R, a common definition of the geometric fixed point
homotopy groups is as the reduced G-equivariant R-homology of a specific based G-space EP,
see for example [16, (3.18)]. Here EP is the unreduced suspension of a classifying G-space for
the family of proper closed subgroups of G. A natural homomorphism RY — R*G(EP) from
the equivariant homotopy groups to the geometric fixed point homotopy groups is defined as
the effect on RY(—) of the inclusion of cone points S° — EP. If R is a ring spectrum in
the homotopy category of genuine G-spectra, this map is a morphism of graded rings, and it
factors through an isomorphism from the localization of the RO(G)-graded homotopy ring of
R at the pre-Euler classes of all real G-representations V with V& = 0, see [16, Proposition
3.20].

If R is a global ring spectrum and A a nontrivial character of an elementary abelian 2-group
A, then ay € R¥(A,—)\) = R{(S?) is precisely the pre-Euler class of the A-representation \,
so the geometric fixed point ring ®ARY, in the sense of Construction 5.1, of the orientable
elfC-algebra (R?, a) is the localization of the RO(A)-graded homotopy ring of R at the pre-
Euler classes. Hence the two geometric fixed point rings ®24Rf and R (EP) of an orientable
global ring spectrum are naturally isomorphic.

For a Z-graded ring R, we now start using the notation
R(0) = R[O]07"]

for the Z-graded Laurent power series in a variable 6 of degree —1, the localization of the
power series ring away from the element 6. So elements of R((#)) of degree k are power series
> ez wif® such that x; € Riq4, and x; = 0 for all almost all negative values of i.

Let (X, a,t) be an oriented elgo—algebra, and let K be an elementary abelian 2-group. We
will now define a Laurent power series expansion on the geometric fixed point ring

dr + E*Cx — (2K X)(9) .
These homomorphisms will be instrumental in detecting effective classes in the geometric fixed

point rings, see Theorem 5.8, and in reconstructing morphisms of oriented elg‘o—algebra from
their effect on geometric fixed point rings, see Theorem 5.14.
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Construction 5.4. We let (X, a,t) be an oriented elg’o—algebra, and we let K be an elemen-
tary abelian 2-group. The construction of the Laurent power series expansion requires certain
intermediate constructions that we summarize in the following commutative diagram:

\I/KX - (\I,KX)[egl] - (I)KXCX

(5.5) / \L(;K 5Ki
dx

Y ———— (P X)[0] — (2XX)(9)

We introduce the graded ring
(5.6) UEX = X(K x Cx)[ty Y et VE =0],
the integer graded part of the localization of the Ik xo-graded ring X (K x C, *) at all a-classes
of (K x C)-representations with trivial K-fixed points, and the class to = p3(t) of the projection
to the second factor. Inverting the classes ay for all VX = 0 is the same as inverting the classes
a,, for all non-zero characters of K x C except the projection to the second factor. For v # po,
the restriction of v to K is nontrivial. The restriction homomorphism

i+ X(KxC*%) — X(K,*)

along the embedding i; : K — K x C as the first factor sends the class t2 to 1, and it sends
the class ay to the pre-Euler class of the restriction of V' to K. So the restriction extends
uniquely to localizations to a morphism of graded rings

i s UEX — ofX

that we denote by the same symbol. The inflation homomorphism
p; @ X(K,x) — X(K x C,%)

along the projection p; : K xC — K extends uniquely to a homomorphism on the localization

pl o X — UEXx
that splits 5. We write as = p5(a) for the pre-Euler class of the projection to the second
factor, and we set

es = ag/ty € \Ill_(lX .
Because localization is exact, the sequence

0 — UK, X 25 gkx G, 9Fx 0
is exact. Hence ey is regular in WX X and the composite of p; : ®XX — UEX and the
projection UE X — (UK X)/(eq) is an isomorphism. We let
ox - UEX — (2K X)[9]

denote the associated power series expansion in the sense of Definition 4.5. So Jx is the

unique morphism of graded ®* X-algebras such that §x (e2) = 6. The homomorphism extends
uniquely to the localizations to a homomorphism

ok = (TEX)[ez"] — (@7 X)(0) -

The ring (U5 X)[e5 '] is the localization of X (K x C, ) obtained by inverting all a-classes and
the class t5. Since ®KXCX is a less drastic localization — formed by inverting all a-classes
— it affords a localization morphism ®X*¢X — (UK X)[e; '] that is localization away from
ta/as. The composite with Sk is the homomorphism

dg : oKX — (@K X)((9) ;
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it is then given by

dg(z/(avay)) = Ox(z/(avty)) 07",
forx € X(KxC,k—(V®nps)) with VE = 0. We have now introduced all ring homomorphisms
in the diagram (5.5).

We make the following definition:

Definition 5.7. Let X be an orientable el?o—algebra and A an elementary abelian 2-group.
A class in @ X is effective if it lies in the image of the homomorphism —/1 : X (A), — ®#X.

For every orientable elf?-algebra, the map —/1 : X(A), — ®{X is injective. So if a class
is effective, then its preimage in the integer graded subring is unique. Said differently, the
maps —/1: X(A), — ®2X form an isomorphism from the Z-graded part of X (A,*) to the
subring of effective classes.

The next theorem establishes an effectivity criterion for geometric fixed point classes in
terms of the homomorphisms dx : ®X*¢X — (®KX)((#)). Effective classes in XXX
in particular also lie in the ring WX X, and hence their Laurent power series expansion is
contained in the subring (®X X)[0], compare the diagram (5.5). Moreover, dx is designed so
that for u € X (K x C),, the constant coefficient is given by

dg (u/1)(0) = ii(u/1) = ij(u)/1.

Theorem 5.8. Let (X, a,t) be an oriented elgo—algebm, and let A be an elementary abelian
2-group. For every y € ®AX, the following two conditions are equivalent.

(a) The class y is effective.
(b) For every isomorphism o : K x C = A, the class di (a*(y)) in (2K X)((0)) is integral, i.e.,
contained in the subring (®X X)[0].

Proof. (a)==(b) For every u € X(A)j, the class a*(u/1) = a*(u)/1 lies in ¥EX so
di(a*(u/1)) lies in (X X)[0], compare the commutative diagram (5.5).

(b)==(a) We write y = z/ay for some A-representation V with V4 = 0, some k € Z, and
some z € X(A,k—V). We let A be a nontrivial A-character, with kernel K. We choose an
isomorphism « : K x C'2 A such that A o o = pa. We decompose a*(V) = U @ npy for some
(K x C)-representation U with UX = 0, and some n > 0. Then

dg(a™(y)) = di (" (2)/aa-(v)) = dr(a*(z)/avay) = bx(a*(z)/avts)- 607" .
This class is integral by hypothesis, and 0x(a*(z)/ayty) is integral by definition. So we
conclude that
Sr(a*(z)/apty) € 6™ - (@EX)[I] .
In other words, the first n coefficients of the power series dx (a*(x)/ayty) vanish. Hence the
class a*(x)/ayty is divisible by €% in the ring UX X

Since all the a-classes are non zero-divisors, we deduce that for some m > 0 the element
a*(z) -t is divisible by a} in X (K x C,x). Thus the element - (a™')*(t5") = x -t is divisible
by (a™1)*(a%) = a¥ in X(A,*). Because ress(t7*) = 1, Proposition 1.6 (i) shows that already
x is divisible by a%. Since n is the multiplicity of ps in a*(V), it is also the multiplicity of
A= (a~H*(p2) in V. We have thus shown that for every nontrivial A-character \, the class x
is divisible by ay,. Proposition 1.6 (ii) then shows that x is divisible by ay, say = z - ay.
Hence y = x/ay = z/1 is effective. O

Remark 5.9 (Relation to Boardman’s work in equivariant bordism). For the two-element
group C, the statement of Theorem 5.8 simplifies: an element y € ®“X is effective if and
only if the Laurent power series d; (y) is integral. For the oriented elfo—algebra of equivariant
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bordism, Boardman defines a ‘stable bordism J-homomorphism’ J : @SN — N, ((#)) in [7,
§6], using different notation and geometric arguments. In this incarnation, the special case
A = C of Theorem 5.8 was proved by Boardman in [7, Theorem 11]. In this sense, our Theorem
5.8 is a vast generalization of Boardman’s result to elementary abelian 2-groups of arbitrary
rank and general oriented elgo—algebras.

For every oriented elg’o—algebra, the class t,/a, € ®“*CX also lies in the ring ¥CX, so
that dc(t,/a,) = 6c(ty/ay), and this class is a power series (as opposed to a Laurent power
series) in @ with coefficients in ®¢X.

Definition 5.10. Let (X, a,t) be an oriented elfo—algebra. For n > 0, we define the classes
Bn € ®G 1 X by

u/au Z B - 0" .

n>0

For example, By =4} (t,/a,) = t/a. The next theorem might seem unmotivated right now,
but it will enter crucially in the proof of our main result, Theorem 7.14. In part (ii), what
matters is not the precise formula, but the fact that the classes dc(u*(8r)) can be described
purely in terms of the 2-torsion formal group law and the classes (§; themselves.

Theorem 5.11. Let (X, a,t) be an oriented elfo—algebm with 2-torsion formal group law F'.

(i) The images of the classes (3, under the power series expansion dy : ®€X — X (1)((0))

satisfy the relation
F(0,8)- > di(Bn)-&"

n>0

in the ring X (1)(0)[£]-
(ii) The classes oc(p*(Bn)) € (@CX)[[Q]] satisfy the relation

n>0 n>0
in the ring (®€X)[0,£].

Proof. (i) We specialize Construction 5.4 to K = {1}. Then V!X = X(C,%)[t7!] =
(t71X)(C), with the potentially confusing caveat that the class that is generically called e
in ®'K in Construction 5.4 is called e; in (¢71X)(C). Under these identifications, the homo-
morphism 7 : Y1 X — X (1)[0] coincides with d' : (t71X)(C) — X (1)[e1] up to renaming
of the variables. So for all z € X(C, * — ko), the relation

(512)  d'@/t) et = di(z/th)(er) - ert = (B1(2/t") - 07 )(er) = di(z/a")(er)
holds in X (1)((e1)). Here, and in what follows, we write (e1) to indicate a renaming of the
variable from 6 to e;.

The classes d?(e;) = e; and d?*(e,) = F(e1,e2) both become invertible in the ring
X(1)((e1))[ez2], so the power series expansion d? : (t~1X)(C?) — X(1)[e1,es] from Con-
struction 4.6 extends uniquely to a morphism of graded X (1)-algebras

d* = (tTX)(C)ert ey '] — X(1)((ex)ea]

for which we use the same name.
The ring (t~*X)(C?)[e; ", e, '] is the localization of X (C?,+) obtained by inverting all -
classes and the classes a; and a,,. Since VX is a less drastic localization — formed by inverting
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ta, a1 and a, — it affords a localization morphism ¢ : WOX —s (t71X)(C?)[e; ", e;,!] that is
localization away from t;/a; and t,/a,. This morphism is explicitly given by

o/ (afayty)) = (z/(tit,t5") - exve,’ .
We claim that the following diagram of graded rings commutes:

vox ‘ 1 X)(CH)[er e ]

e} idz

(‘I’CX)[[H]] m (‘I’CX)[[ez]] W X (1) (er)ez]

Indeed, on the one hand, the rectangle commutes after precomposition with pj : #¢X —
TCX: the two composites send p}(z/a*), for z/a* € ®C X, to di(x/a*)(e;) and d* (z/t*)-eT ",
respectively, which agree by (5.12). On the other hand, both composites in the rectangle send
the regular generator ey of the kernel of i} : W€ X — ®C X to the class with the same name.
So the rectangle commutes by Proposition 4.4 (ii). Now we can prove the claim:

Flere2)- Y di(Ba)(er) -5 = d*(e,) - diles] (0o (tu/ap)(e2)
n>0
= dQ(eN)-dQ(E(tM/aM)) = d2<eu'e;1) =1
This is the desired relation, up to renaming e; and es to € and &.
(ii) We consider the Z-graded ring
E(X) = X(Cgv*)[aflu a;217 aglv tglv t5317 t?jl} )

the integer graded subring of the localization of the I¢s-graded ring X (C?3, %) by inverting

e the a-classes for the projection to the first factor, the sum of the first two factors, and
the total multiplication fi: C® — C,

e and the t-classes for the sum of the last two factors and the projections to the second
and to the third factor.

The restriction i}, : X(C3,x) — X(C?,%) to the first two factors satisfies
ifp(a1) = a1, ipp(a12) = iplap) = au, ila(t2) = ifp(fes) = 2 and  ify(ts) = 1;
so it descends to a homomorphism of localizations
ity : B(X) — UOX |
where U¢ X was defined in (5.6). The morphisms
Pl s (Cx ), (1xC) + X(C2x) — X(C% )
satisfy

(@) = (Cx @) = ar, phla) = xC)(@) = e, phrlts) = b
(Cx (@) = ap  and  (Cx p)(t2)
(hxC)(ay) = ap  and  (ux C)(ta)

ta3
ts .

So all three extend to the localizations and yield homomorphisms

Plas (Cxp), (ux O) : WX — E(X).
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Because (C X p)oi1a = p1aoiia = Id, the first two of these homomorphisms are sections to 5.
Because localization is exact, the class e3 = ag/t3 is a regular element of Z(X) that generates
the kernel of i},. We let

0 E(X) — (¥CX)[¢]
be the power series expansion, in the sense of Definition 4.5, of Z(X) with respect to the class
es and the section p},. We will show that the three subdiagrams of the following large diagram
of graded rings commute:

- ¥OX be (@ X)[0] .
s RN
X =(X) 0 (wOx)[¢] L (90 x)[6,]
T(uXC)* Tu*[[fﬂ
TR OX s (80X ] — - (BOX)[]

Here F, is the graded ®¢ X-algebra map that sends @ to the formal group law F(6,¢). And
we continue to use pointy brackets (—) to indicate isomorphisms that rename variables. The
left subdiagram with target Z(X) commutes by the relation po (C x p) = po (u x C).

Now we show the commutativity of the upper subdiagram featuring F,.. We appeal to the
uniqueness statement in Proposition 4.4 (ii). After precomposition with the homomorphism
pi: ®°X — WOX, both composites in the upper part become the homomorphism — - 1 :
PCX — (@Y X)[0,£], the inclusion of the coefficient ring. We claim that both composites in
the upper subdiagram also agree on es. The inflation homomorphism

Py ¢ X(C? %) — X(C3 %)
along the projection to the last two factors satisfies

pas(ti) = t2, pas(ty) = tas, pas(te) = t3,
and thus passes to a homomorphism from the localization away from ¢ of the source to Z(X).
The composite

(5.13) X)) 22 2(x) L @0x)[e] 8 (@Cx)[0,¢]

is a morphism of X (1).-algebras, and it sends the classes e; and ez to 6 and &, respectively.
Since the regular sequence (e, ez) generates the augmentation ideal of (t71X)(C x C), the
uniqueness result from Proposition 4.4 (ii) shows that the composite (5.13) agrees with

E1X)(C2) T XW)er,ea] 2 x()[,e] 2L @Cx)[0,¢] -

o

Here p* : X (1) — ®“X is the inflation homomorphism. So these two homomorphisms also
agree on the class e,. Because

p2o(Cxp) = popys : C° — C,
we have (C' x p)*(e2) = p3s(e,) in E(X). Thus
SelE)O((C x 1) (e2))) = SclEl@s(en)) = 1716, E1d2 () (6,))
p[6,E1(F(6,8)) = Fu(0) = Fu(dc(ea)) -

Since ey is a regular element that generates the kernel of i} : ¢ X — ®© X, the uniqueness
result from Proposition 4.4 (ii) shows that the upper part of the diagram commutes.
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It remains to show the commutativity of the lower subdiagram, and one more time we appeal
to Proposition 4.4 (ii). This time both composites with the homomorphism p} : #¢X — WX
become the composite

eCx M wCx =L (wCx)[q] .
and both composites send the regular element es to . So the lower part of the big diagram

commutes, too.
We can now prove the desired relation:

D do(u (Ba) € = (doop)EID Ba-€") = (6o 0 p")[E)Go(tu/an)(E))
n>0 n>0

= F.Oo(tp/an) = F(D_ Bn-0") = Y Bu-F(0,9)"

n>0 n>0

The third equality is the commutativity of the big diagram, applied to the element ¢/a. (I

We conclude this section with a criterion for when a system of morphisms of geometric
fixed point rings arises from a morphism of oriented elgo—algebras. This will be used in the
proof of our main result, Theorem 7.14, showing that equivariant bordism is an initial oriented
elfo—algebra.

We let elgpi denote the category whose objects are all elementary abelian 2-groups, and
whose morphisms are surjective group homomorphisms. An el5” i-algebm is a contravariant
functor from el$”
elf‘o

to the category of commutative Z-graded Fs-algebras. For every oriented
-algebra X, the collection of geometric fixed point rings ®4 X supports inflation homomor-
phisms (5.2) along morphisms in el$”’, so they naturally form an el -algebra ®®X. Geometric
fixed points are often easier to compute than the elgo—algebras themselves. Therefore the fol-
lowing theorem will be useful to construct morphisms of orientable elfo—algebras through their
geometric fixed points.

Theorem 5.14. Let (X,a,t) and (Y,a,t) be oriented elfC-algebras. Let f* = {fA}a :
D*X — P°Y be a morphism of el5™ -algebras. Suppose that the following two conditions
are satisfied:

(a) f(t/a) =1/a

(b) For every elementary abelian 2-group K, the following diagram commutes:

fKXC

(I)KXCX (PKXCY

N R

(@ X)(0) T (@*Y)((0)

Then there exists a morphism f: X — Y of oriented elf‘o-algebms such that ®4f = f4 for
all elementary abelian 2-groups A.

Proof. We start by observing
AN axy) = AN (t/a)) =@y N (fO(t/a) =@ A(E/a) = Th/ax
for all nontrivial characters A of an elementary abelian 2-group A.
We recall from Definition 5.7 that a class y € ®1X is effective if it lies in the image of the
homomorphism —/1 : X(A), — ®#X, and that the maps —/1 : X(A4). — ®2X form an
isomorphism from the Z-graded part of X (A) to the subring of effective classes.
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Claim 1: for every elementary abelian 2-group A, the morphism f4 : ®4X — ®4Y takes
effective classes to effective classes.

To prove this claim we let y € ®4X be an effective class, and we let a : K x C' = A be an
isomorphism. Because the f-maps commute with inflation along o , we have

die(@*(f4()) = dr(f**“(a*(¥) =) FX(O)(dr(a*(y))) -
By Theorem 5.8, the class dx (a*(y)) in (@XY)((0)) is integral. Since fX((0)) : (@K X)((0) —
(®KY)((0)) preserves integrality, the class dx (a*(f4(y))) in (PKY)(9)) is integral. Again by
Theorem 5.8, the class f4(y) is effective.
Because the ring homomorphism f4 takes effective classes to effective classes, there are
unique maps f(A): X(A)x — Y (A), that make the diagram

x(4), Y ya),

/1i l/l

PAX — > oY
!

commute. These maps are homomorphisms of graded rings and commute with inflations
because this is the case for the other three morphisms in the commutative diagram, and
because the vertical maps are injective.

Claim 2: For every monomorphism i : K — A between elementary abelian 2-groups, the
following square commutes:

x(4), Yy a).

/| |

X(K). T Y (K).
It suffices to show this when ¢(K) has index 2 in A, and then we may assume without loss of
generality that A = K x C and i = i; : K — K x C is the embedding as the first summand.
For u € X(K x C), the relation

FEONdx(u/1)) =@y dr(f**(u/1)) = dx(f(K x C)(u)/1)

holds in the ring (®XY)((#)). Since both sides of this equation are integral classes by Theorem
5.8, the relation already holds in the ring (®XY)[6]; in particular, the constant terms of both
sides agree, and we obtain

(fE)E(W)/1 = fE(i(w)/1) = 5 (dr(u/1)(0))

= RO (dx (u/1))(0)

= dg(f(K x C)(u)/1)(0) = ij(f(K x C)(u))/1.
Because the map —/1 is injective, this concludes the proof of Claim 2.

We can now define the desired morphism of elgo—algebras f: X —Y. Welet W be a
representation of an elementary abelian 2-group A with W4 = 0. By Proposition 1.10, every
class x € X(A,k — W) is a homogeneous polynomial with coeflicients in X (A), of degree
k — W in the classes a) and ty, for all nontrivial A-characters A. In other words, there is a
homogeneous polynomial g € X (A),[a, 7] in variables ay and 7 of degree —X and 1 — A,
respectively, such that © = g(ay,ty), i.e., substituting the variables a;y and 7 by the classes
ay and ty yields z. We write f(A4),(g) € Y(A)«[an, 7] for the effect of applying the graded

(b

=
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ring homomorphism f(A4) : X(A). — Y (A). to the coefficients of the polynomial g. The
classes @y and Z of the elf%-algebra Y can then be substituted for the variables in f(A),(g),
yielding a class in Y (A, k — W). There is no reason why the polynomial g that presents the
class x should be unique, so we shall need:

Claim 3: The class f(A),(g)(ax,tx) in Y(A, k — W) is independent of how z = g(ay,t)) is
presented as a polynomial in the classes a) and ty.

For every homogeneous polynomial h € Y(A4).[ax, 7a] of the appropriate degree we have

h(C_L)\,{)\)/(_ZW = h(l,EA/a)\)

in @Y, i.e., the class h(ay,f,)/aw is obtained by substituting the variables ay and 7 by the
multiplicative unit 1 and by £y /ay, respectively. For h = f(A),(g), this yields

F(A)(9)@n, . 00 /aw = F(A)(9)(1,0x/an) = F(A)(g)(L, f(tr/an))
= [y ta/an) fAglan,ta)/aw) = fA(x/aw) .
This geometric fixed point class is thus independent of how x is presented as a polynomial in

the classes ay and t. Since the map —/aw : Y (A, k — W) — ®{1Y is injective, this proves
Claim 3.

With Claim 3 established, we can now define a map f(A,k — W) : X(4, k- W) —
Y(A,k—W) by

F(AE=W)(x) = f(A)(9)(@x.tx) ,

where g € X(A).[an, 7a] is any homogeneous polynomial of degree kK — W such that = =
glax,ty). With the independence of g at hand, it is then straightforward to shows that
these assignments define an I4-graded ring homomorphism. And clearly, the map f(A4, —\) :
X(A,—X) — Y(A, —)) sends ay to @y, and the map f(A,1-X): X(A,1-)) — Y (4,1-})
sends ty to ty.

Now we check that for varying A, these homomorphisms of I4-graded rings are compatible
with restriction along homomorphisms g : B — A of elementary abelian 2-groups. We
already argued above that the relation 5* o f(A,x) = f(B,*) o 8* holds on the integer graded
subrings. The I4-graded ring X (A, ) is generated by its integer graded subring and the classes
ay and ty for all nontrivial A-characters A\, by Proposition 1.10 (ii). So it suffices to show that
the ring homomorphisms 5* o f(A4,*) and f(B,«) o * also agree on the classes ay and t). We
distinguish two cases. If the B-character A\S is nontrivial, then 8*(ax) = axg, and we obtain

B(f(A,=M(ar) = B7(@r) = axs = f(B,—(A8))(ars) = f(B,=(A8))(B*(ax)) -

The argument for the t-classes is the same, mutatis mutandis. If the B-character A\S is trivial,
we need to argue differently. In this case *(ax) = 0 in X, and *(a@y) = 0 in Y, and the
relation S*(f(A4, —\)(ay)) = f(B,—1)(6*(ay)) holds as both sides are zero. Also in this case,
B*(tx) = 1 in X and B8*(¢y) = 1 in Y, because ¢ and ¢ are inverse Thom classes. Hence
B*(f(A, 1 — A)(tr)) and f(B,0)(8*(tr)) are both the multiplicative unit 1. This finishes the
proof. ([

6. EQUIVARIANT BORDISM

In this section we introduce the oriented elg’o—algebra N of equivariant bordism, and we
collect various basic properties. The main result of this paper is the fact that A/ is an initial
oriented elf‘o—algebra, see Theorem 7.14 below.
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Construction 6.1. Given a finite group G and a based G-space X, we write /\7}? (X) for the
k-th reduced G-equivariant bordism group of X. We refer to [29, §2] or [25, Section 6.2] for a
detailed background on equivariant bordism.

For an elementary abelian 2-group A, we write a given grading m € I, as m = k —V for
some integer k and an A-representation V with trivial fixed points. Then we set

N(A,m) = N(Ak-V) = NASY),

the reduced A-equivariant bordism group of dimension k of the onepoint compactification SV.
A key point is that this definition is independent up to preferred isomorphism of the choice
of V. Indeed, an isomorphism of A-representations v : V. — W induces an equivariant
homeomorphism S¥ : SV — SW and hence an isomorphism of bordism groups

NAS) + MASY) — NASY) .
Theorem 2.3 (iii) and the fact that equivariant bordism is represented by an orientable global
ring spectrum (Example 6.2) guarantee that the isomorphism does not depend on the choice of
1. Equivariant bordism is concentrated in non-negative integer degrees, so the group N (A, k—
V) is trivial whenever k is negative.

To define the functoriality we recall the suspension isomorphism in equivariant bordism. A
specific class d € N7 (S') is represented by the identity of S'. The suspension homomorphism

—Ad 2 NAX) — NAL(XASY

is given by reduced product with the class d; it is an isomorphism, for example by [25, Propo-
sition 6.2.11].

Now we let a : (B, a*(m)) — (A, m) be a morphism in the category el¥°. We choose an A-
representation V and a B-representation W so that m = k—V and a*(m) = k—a*(V) =1-W
for integers k > [. There is then an isomorphism of B-representations

oot (V) S WaeRF,
We define
o : N(4,m) — N(B,a*(m))
as the composite

RASY) < Ap(s= ) TEED, pswer™) M fp(sh)

The first homomorphism is restriction of the action on manifolds and bordisms along the homo-

morphism a. The homomorphism decorated — A d*~! is an iterated suspension isomorphism.

Again by Theorem 2.3 (iii), the definition of a* does not depend on the choice of 1; this

independence is also needed in verifying that the assignment is compatible with composition.
The pre-Euler class

a € N(C,—0) = NE(59)
is represented by the inclusion of the isolated fixed point {0} — S?. The inverse Thom class
t e N(C,1—0) = NO(89)

is represented by the identity of S, with equivariant smooth structure through its identification
with S(R @ o) by the stereographic projection.

Example 6.2 (Equivariant bordism versus the global Thom spectrum mO). The global Thom
spectrum mO is defined in [25, Example 6.1.24]; the underlying G-equivariant homotopy type
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of mO has been considered before, often in different language and notation, for example in
[31, Section 5]. The spectrum mO is the orthogonal spectrum whose V-th term is

mO(V) = Th(Gryy|(VeR>™)),

the Thom space of the tautological vector bundle of |V |-dimensional subspaces of V@ R>. We
refer to [25, Example 6.1.24] for the definition of the structure maps and the E-multiplication
on mO.

For every compact Lie group G, the equivariant Pontryagin-Thom construction provides
a natural transformation of G-equivariant homology theories from G-equivariant bordism to
the G-homology theory represented by the global Thom spectrum mO, see [25, Construction
6.2.27]. If the group G is a product of a finite group and a torus, then the equivariant
Pontryagin-Thom construction is an isomorphism. This results goes back to Wasserman [33],
a homotopy theoretic proof for finite groups was given by tom Dieck [31, Satz 5], and a proof
in the general case can be found in [25, Theorem 6.2.33]. The reader should beware that the
equivariant Pontryagin-Thom construction is provably not an isomorphism beyond this class
of groups; for G = SU(2), the homotopy theoretic transfer from the maximal torus normalizer
to SU(2) yields a class in ﬂgU(z) (mO) that is not in the image, see [25, Remark 6.2.34].

In any case, the Thom-Pontryagin construction is in particular an isomorphism

04(X) : NAX) =5 mOA(X)

for every elementary abelian 2-group A and every based A-CW-complex X. These isomor-
phisms are furthermore compatible with products and restriction along group homomorphisms,
compare [25, Theorem 6.2.31]. Specializing to the case where X = SV is the onepoint com-
pactification of an A-representation shows that the Thom-Pontryagin construction is an iso-
morphism of elQRO—algebras
©: N = moO'.

Both in A and in mO¥, the pre-Euler class a is obtained by applying the map of based
C-spaces S° — S% to the multiplicative unit in the C-equivariant coefficients. Since the

Thom-Pontryagin construction is natural in based equivariant maps, the pre-Euler classes of
N and mO*® match up.

Several times in this paper we will need the identification of the geometric fixed points of
equivariant bordism in terms of fixed point data. This technique, like several others in the
subject, goes back to the pioneering work of Conner and Floyd.

Construction 6.3 (Geometric fixed points of equivariant bordism). We recall the description
of the geometric fixed point rings of equivariant bordism in terms of non-equivariant bordism
groups. We will need it for elementary abelian 2-groups A, but this fixed point description
works in the generality of compact Lie groups, see for example [25, Proposition 6.2.16]. The
result takes the form of an isomorphism of graded rings:

(64) YA ‘PT‘?N i @jZO Nn,j(GT;"l)

Here Gr;4 L is the moduli space of j-dimensional A-representations with trivial fixed points,
and J\/n,j(Gr;l’J‘) is its non-equivariant bordism group. More formally, Grf’J‘ is the A-fixed
point space of the Grassmannian of j-planes in the orthogonal complement of the A-fixed
subspace of a complete A-universe. The multiplication on the target arises from the maps

A, L A, L AL
Gri= % Grj — GrH_j

that classify the direct sum of A-representations with trivial fixed points.
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Roughly speaking, the isomorphism (6.4) is defined as follows. Elements of ®\ are frac-
tions x/ay, where z € NA(SV) for some n > 0, and some A-representation V with trivial
fixed points. We let (M, h) represent the class x, so that M is an n-dimensional smooth closed
A-manifold, and h: M — SV is a continuous A-map; such pairs are taken up to bordism and
modulo the subgroup of pairs where h is constant at the basepoint. Because the A-action is
smooth, the fixed set M4 is a disjoint union of regularly embedded smooth submanifolds of
M of varying dimensions. The A-space SV has only two fixed points 0 and oo, and only the
fixed points over the non-basepoint 0 will play a role. The Conner—Floyd map (6.4) sends the
bordism class [M, h] to Zj>O[M(j),Vj], where M) is the union of the (n — j)-dimensional
components of M4 Nh~1(0), and where vi: M @) — Grf’J‘ classifies the A-equivariant nor-

mal bundle of M) inside M. We refer to [25, Proposition 6.2.16] for more details on the
construction and for a proof that the Conner—Floyd map is an isomorphism.

The next theorem collects various key properties of equivariant bordism that are relevant
for this paper.

Theorem 6.5.

(i) The pair (N, a) is an orientable elgio-algebm with a unique inverse Thom class t.
ii) The 2-torsion formal group law of the oriented elRO-algebm N, a,t) is an initial 2-torsion
2
formal group law.
iii) For every elementary abelian 2-group A, the morphism of N, -algebras
g g

A€ A°
Q) 2N — oiN
N
that multiplies the inflation homomorphisms for all nontrivial A-characters is an isomor-

phism.

Proof. (i) As we detailed in Example 6.2, equivariant bordism is represented by the orientable
global ring spectrum mO. Part (i) is thus a special case of Theorem 2.5. By the general
theory, the set of inverse Thom classes of (A, a) is a torsor over the bordism group N; since
this group is trivial, the inverse Thom class is unique.

(ii) We reduce the claim to Quillen’s theorem [24], saying that the formal group law asso-
ciated to the preferred, classical real orientation of the non-equivariant Thom spectrum MO
is initial. To this end we recall Quillen’s result in a form tailored to our purpose.

We let BO denote the classifying space of the infinite orthogonal group. The Thom spectrum
construction assigns to a continuous map f : X — BO from a CW-complex a Thom spectrum
Th(f), making it a functor

Th : Ho(Top/BO) — SH
from the homotopy category of spaces over BO to the stable homotopy category of spectra.
The functoriality equips the Thom spectrum with a morphism of spectra u(f) : Th(f) —
Th(Idgo) = MO that is a tautological Thom class in M O-cohomology, in the sense that the
group of stable maps [Th(f), MO] = SH(Th(f), MO) is free of rank 1 as a module, under the
Thom diagonal, over the ring MO°(X) = [ X, M O], with u(f) as generator.

In this language, the preferred real orientation of the spectrum MO arises as the Euler class
of the continuous map B(c —R) : BC — BO that classifies the group homomorphism that
sends the generator of the group C to the infinite diagonal matrix with entries (—1,1,1,...).
Some readers might prefer to think of continuous maps to BO as classifying virtual vector
bundles of rank 0; our name ‘G(c — R)’ for the above map reflects that it classifies the virtual
vector bundle over BC associated to the virtual C-representation o — R. The Thom spectrum
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of B(c — R) is then equivalent to the desuspension of the reduced suspension spectrum of the
space S° A¢ ECy (which happens to be homotopy equivalent to BC'), and its Thom class
u(B(c —R)) lies in the group

[Th(B(o — R)),MO] = [S~'AZ®S7 A¢ ECy, MO] = MO (5% Ac EC.) .

Its Euler class e, € MO (BC), the restriction of the Thom class along the zero section
BCL — 57 A¢ ECY, is the preferred real orientation of MO.

By the theory of real-oriented cohomology theories, the ring M O*(BC x BC) is then a power
series algebra over M O* in the classes pi(e,) and p3(e;), and expanding the class (Bu)*(e,) in
pi(er) and p3(e;) yields a 2-variable power series with coefficients in M O* that is a 2-torsion
formal group law. Quillen’s theorem [24, Theorem 3] says that this 2-torsion formal group law
is initial.

Now we use the global Thom ring spectrum MO defined in [25, Example 6.1.7] that
represents stable equivariant bordism. For every elementary abelian 2-group A, the equi-
variant homology theory represented by the global ring spectrum MO is the localization of
mOf(—) at the inverse Thom classes, compare [25, Corollary 6.1.35]. The localization maps
mO? (=) — MOZ(-) at all representation spheres define a morphism of oriented el2©-
algebras (mOu, a,t) — (MOﬁ7 a,t). Here we denote the image of the unique inverse Thom
class of mO? by the same letter t € MOY (57); we alert the reader that in the orientable elZ°-
algebra MOOF, the inverse Thom class is far from unique. The previous morphism exhibits MIO*
as the localization away from ¢ of mO*. In particular, this morphism is an isomorphism of
underlying graded Fso-algebras, and so it necessarily takes the 2-torsion formal group law of
mO* to the 2-torsion formal group law of MO¥. So it suffices to show that the 2-torsion formal
group law of the oriented el?o—algebra (MOﬁ7 a,t) is an initial 2-torsion formal group law.

By Theorem 6.1.7 and Remark 6.1.20 of [25], the class ¢ in MO (S7) is an RO(C)-graded
unit. The inverse of ¢ is the ‘shifted Thom class’ u = 6o, € MOE(S?) discussed in [25,
Remark 6.1.20]. We claim that the bundling homomorphism

(6.6) B : MOu(S?) —s MO' (5% Ac EC,)

takes the C-equivariant Thom class u to the non-equivariant Thom class u(3(c —R)) discussed
above. To prove this we refer to the C-equivariant Thom spectrum formalism, a general
reference for which is [23, Chapter X, §3]. We write BO¢ for the classifying C-space for
virtual C-equivariant vector bundles of rank 0. Much like in the non-equivariant situation, the
equivariant Thom construction turns C-equivariant maps X — BO¢ into genuine C-spectra
endowed with a morphism to MO¢, the underlying C-spectrum of the global spectrum MO.
An explicit representative for the class u in MO§(S?) is the C-equivariant map

8797 s Th(Gra(c ®R@ o @ R)) = MO(c @ R)
(z,y) +— ((2,0,4,0),0 00 @0)

So u:S8°~! — MOg is the C-equivariant Thom class of the C-equivariant map *+ — BO¢
that classifies the virtual C-representation 20 — (0 @ R) = ¢ — R. The unstable and stable
bundling maps take equivariant Thom spectra to non-equivariant Thom spectra, see [23, X
Corollary 6.3]. When applied to the C-map o — R : x — BO¢, this identifies the image of
u: 87! = Th(c —R) — MO¢ under the stable bundling map (6.6) with the non-equivariant
stable map
u(B(c —R)) : S Ac ECy =Th(B(c —R)) — MO

obtained by thomifying (0 —R) : BC — BO. This proves the claim that §(u) = u(8(c —R)).
Naturality of the bundling homomorphisms for the C-equivariant fixed point inclusion a :
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S0 — S7 then shows that the bundling homomorphism
—1
B : MO =MOG(S°) — MO (S° Ac ECy) = MOY(BC)

takes the C-equivariant Euler class e = a/t = a - u of the oriented el?-algebra (MO?, a,t) to
the Euler class e, that defines the preferred classical orientation of MO.

Now we can wrap up. The formal group law of MOF is defined by expanding the class
u*(e) = p*(a/t) as a power series in pi(e) and pi(e). And the formal group law in Quillen’s
work is the expansion of p1*(e;) as a power series in pj (e, ) and p5(e,). Since the bundling maps
are compatible with restriction along group homomorphisms and take e to e,, the 2-torsion
formal group law of the oriented elfo—algebra (MOﬂ,a,t) is the preferred 2-torsion formal
group law over M O* that features in Quillen’s theorem [24]. So we have shown claim (ii).

(iii) We consider the following commutative square of graded commutative N,-algebras:

R PN PAN

®<Pcl: :i‘PA
& (@jzo N*fj(GTJCA)) —— D50 Na—y(Gr)

The left vertical map is a tensor product of copies of the Conner—Floyd fixed point isomorphism
(6.4). The right vertical map is the isomorphism (6.4) for the group A. The lower horizontal
map is also induced by inflation along characters. More precisely, the restriction to the tensor
factor indexed by (A, j) is induced by the continuous map Grjc’j — Gr?’L that identifies o>
with the M-isotypical summand of the complete A-universe, and then takes Grassmannians of
Jj-planes.

Since the vertical maps in the commutative square are isomorphisms, we are reduced to
showing that the lower horizontal map is an isomorphism. This, in turn, is a combination of
two facts. Firstly, the nontrivial irreducible representations of A are all 1-dimensional, and
parameterized by the set A° of nontrivial A-characters. So the isotypical decomposition of
A-invariant subspaces becomes a homeomorphism

H ( H Grix> = G?“;"L .
Sin=j \A€A°
The coproduct is indexed by A°-tuples of natural numbers i) that add up to j. Secondly, all
non-equivariant bordism groups of spaces are free as modules over the non-equivariant bordism
ring, see for example [12, Theorem 8.3]. So the Kiinneth isomorphism identifies the graded
bordism groups of a product with the tensor product of the bordism groups of the factors. If we
take the grading shift by j on the j-plane summands into account, these two facts combine into
the statement that the lower horizontal map in the square is an isomorphism. This completes
the proof. O

7. THE UNIVERSAL PROPERTY OF EQUIVARIANT BORDISM

In this section we prove our main result Theorem 7.14, saying that equivariant bordism
is an initial oriented elgo—algebra. We will use Theorem 5.14, so we need a firm grasp on
the geometric fixed point rings of equivariant bordism. It is well-known that the C-geometric
fixed point ring ®¢N of equivariant bordism is a polynomial algebra over the non-equivariant
bordism ring in infinitely many generators, one in every positive degree, see for example [13,
Lemma 25.1]. A key ingredient for the proof of Theorem 7.14 is the fact that the specific
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classes 3, which were introduced purely in terms of the structure as an oriented elfo—algebra in
Definition 5.10 can be taken as such polynomial generators, see Theorem 7.6. Unfortunately, we
do not know a direct argument to prove this fact, so we introduce auxiliary classes ¢, € N,¢ gl
represented by explicit C-manifolds in Construction 7.5. Then we show that the classes ¢, for
n > 1, together with ¢/a = 3y form polynomial generators for ®“ A/, and that 3, is congruent
to ¢, modulo (B, ..., Bnr_1), see Theorem 7.6 and Theorem 7.12.

Construction 7.1. We define a group G,, as the set Z" endowed with a group structure by

(72) (xla“-axn)'(yla-'-ayn) = (x1+y17(_1)y1 'x2+y27~-~7(_1)yn_1 xn+yn) .

In other words, Gy = Z, and G,, = G,,_1 X Z, the semidirect product formed with respect to
the G,,_1-action on Z via the sign of the last coordinate. We define a right action of the group
G, on R™ by the same formula (7.2), but now with the elements x; being real numbers as
opposed to integers. This action by affine linear transformations is free, properly discontinuous
and cocompact. So the orbit space R"”/G,, is simultaneously a smooth closed n-manifold and
a classifying space for the group G,,. The mod 2 cohomology of R"™/G,,, and hence the mod 2
group cohomology of G, is thus a Poincaré duality algebra with duality class in dimension n.
For example, R/G; = R/Z is a circle, and R?/G5 is a Klein bottle. For n > 2, the manifold
R™/G,, is not orientable.

The following calculation of the mod 2 cohomology algebra of the group G,,, or equivalently
of the manifold R™/G,,, will enter into the proof that the classes (,, are polynomial generators
of ®¢ N, compare Theorem 7.6. We expect that this calculation is well-known, but we were
unable to find a reference. The cases n = 1 and n = 2 are classical, being the cohomology
algebras of the circle and the Klein bottle. For ¢ = 1,...,n, we denote by

pi : G, — Ty

the projection to the i-th coordinate of G, taken modulo 2. We view these homomorphisms
are cohomology classes in H!(G,,; F2) = Hom(G,Fa).

Proposition 7.3. The cohomology algebra H*(G,,; Fa) has an Fa-basis consisting of the classes

Diy t o Piry
forall 1 < iy <ig < -+ <y < n. The multiplicative structure is determined by the relations
2 = 0 fori=1, and
' pi-1-pi  for2<i<n.
In particular, pl' = p1-pa2- ... Dn, and this class is the generator of H"(G,;Fa).

Proof. We argue by induction on n; for G; = Z, the result is well-known. Now we suppose
that n > 2. We consider the cohomology algebra of G,, as module over the cohomology algebra
of G,,—1 by restriction along the projection

q Gn:Gn—I[XZ — Gn—la Q(yla“-ayn):(yla---7yn—l) .

The mod 2 cohomology of Z is concentrated in dimensions 0 and 1, where it is 1-dimensional.
So the action of G,,_1 on the mod 2 cohomology of Z through p,_; is necessarily trivial,
and the Lyndon-Hochschild-Serre spectral sequence degenerates into a short exact sequence of
graded H*(Gp,—1;F3)-modules

0 — H*(Gpor:Fo) s H*(Gp:Fs) 2 H* " Y(Gp_1:Fs) —3 0.

Since H'(G,,;F2) = Hom(G,,,Fs) is the direct sum of ¢*(H'(G,—1;F2)) and the span of the
homomorphism p,, : G,, — Fa, the connecting homomorphism must satisfy é(p,,) = 1. Hence
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H*(Gp;Fy) is free as a H*(Gp,—1; F2)-module on the classes 1 and p,. So the claim about the
Fy-basis and those multiplicative relations that do not involve p,, follow by induction.

To prove the remaining multiplicative relation p? = p,_; - p,, we use naturality for the
group homomorphism

h: G, — IFQIXZ/4, h(yl,,yn) = (yn—l+22, yn+4Z)

to the semidirect product of Fy acting by sign on Z/4, also known as the dihedral group of
order 8. The cohomology ring of this dihedral group is well-known, see for example [1, Chapter
IV, Theorem 2.7]; we only need the information that the two homomorphisms

Oé,ﬁ : FQ D(Z/4 — Fg
given by a(x,y+4Z) = © +y+ 27 and B(x,y +47Z) = y + 27 satisfy the cup product relation

a8 =0. Because a«oh = p,_1+p, and foh = p,, naturality yields the desired multiplicative
relation

Pn—1-Pn + pi = (pn—l +pn)'pn = h*(a'ﬂ) =0. U

The next proposition gives a criterion for recognizing C-equivariant bordism classes as
polynomial generators of ®CN. It is very similar to [7, Lemma 4] which gives a characteristic
number criterion to detect when elements of NV, (BO) can serve as polynomial generators. This
result ought to be well-known to experts, but we do not know of a reference in this form.

Proposition 7.4. Let M be a smooth closed (n + 1)-dimensional C-manifold. Let F be the
union of the n-dimensional components of M€, and let v : F — RP> classify the normal
line bundle of F inside M. Suppose that v.[F] # 0 in H,(RP>,Fy), where [F| € H,(F;F3) is
the mod 2 fundamental class. Then [M]/1 is indecomposable in ®CN as an algebra over N.,.

Proof. By the Conner—Floyd isomorphism (6.4)
Yo (I)S./\/ — @ ./\f*fj(Grj) y
Jj=0
the class [M]/1 is indecomposable in ®C A if and only if the projection of ¢ [M] to the linear
summand j = 1 in the direct sum decomposition can serve as a generator in an N.-basis
of N.(RP*). By the geometric description of ¢, the projection to the linear summand is

represented by the pair (F,v) consisting of the n-dimensional fixed point components and the
map classifying their normal line bundles inside M. For every space X, the map

No.(X) — H(X;Fo), [f:W— X] — fJ[W],
passes to an isomorphism
Ni(X) @n. Fo = H, (X;F)) .
So for X = RP*> = Gry, a pair (W, f) consisting of a smooth closed n-manifold W and a

continuous map f : W — RP® represents a generator in an N,-basis of N, (RP>°) if and only
if f.[W] is the nonzero element of H,(RP>;F,y). Altogether, this proves the proposition. O

Construction 7.5 (The (-classes). We define a left action of the group G,,—1 on the projective
space RP? by

(81y.-y8n—1) - [x:y:2] = [x:y:(=1)*1-2].
By taking balanced product with R"~! we obtain a smooth closed (n + 1)-manifold

Wpi1 = R xg,  RP?.

n—1

We define a smooth involution 7 : W, ;1 — Wy, 411 by

T[s1,- oy Sn—1, [Ty 2]] = [s1,-.-,Sn—1,]—2:y: 2] .
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We write
G = [Why1,7]/1 € (I)g+1N

for the bordism class of the C-manifold (W, 41, 7), or rather the effective class in the geometric
fixed point ring that it represents.

Theorem 7.6. The classes (, for n > 1 and the class t/a form a set of polynomial generators
of the C-geometric fized points of equivariant bordism as an algebra over N,.

Proof. We verify the criterion of Proposition 7.4. The fixed points of the involution 7 :
sz+1 — Wn+1 are

(Wat1)¢ = R*" ' xg, , (RP?)
= R" ' xg, , (PO®PRHU{RS0D0})
~ (R" ' xg, , PO®R?)) U R*" /G,y .

This fixed point manifold has two connected components, one of dimension n and one of
dimension n — 1. For our present purposes, we only care about the n-dimensional component

R xg, , PO R?),

and we can ignore the other one. To apply Proposition 7.4, we need to identify the normal
line bundle of this component.

We let p, : G, — {£1} denote the group homomorphism given by p,(s1,...,$,) = (—1)°".
We embed the total space of the line bundle over R"/G,, associated to p, into the manifold
Wn+1 by

R" xq, pi(c) — R 1xqg PR3 = Wy

[$1,. -, 8n;u] — [81,...,8n—1,[w:sin(s, - ) : cos(s, - 7)]] .

This map is a smooth open embedding with image R"™! xg, _, (RP?\ {R® 0@ 0}), and it
identifies the zero section R™/G,, in the source with the n-dimensional fixed point component
R" 1 xg, , P(0®R?). So this embedding witnesses that the normal line bundle of R" ' x ¢, _,
P(0 ® R?) inside W,, 11 is the line bundle over R"/G,, associated to the character p,,.
Proposition 7.4 thus shows that the bordism class of W,, ;1 can serve as one of the polynomial
generators for ®CN, provided we show that the map R"/G, — RP> that classifies the
line bundle associated to p,, is nonzero in mod 2 homology H, (—;F2). Or equivalently, the
classifying map is nonzero in mod 2 cohomology H™(—;F3). Since the n-manifold R"/G,, is
also a classifying space for the group G,, we may show that the group homomorphism p,,
induces a nontrivial map in mod 2 group cohomology in dimension n. By Proposition 7.3,
the group cohomology class in H!(G,,;Fs) represented by p, has the property that its n-th
cup power is the generator of the top cohomology group H™(G,;Fs). This concludes the
argument. (I

Our next aim is to relate the classes f,, introduced in Definition 5.10 as the coefficients of
the power series d¢(t,/a,) to the geometrically defined classes (,,. To this end, we shall make
use of the ‘division operator’.

Construction 7.7 (Division operator). We let (X,a,t) be an oriented el5-algebra. For an
elementary abelian 2-group K and k € Z, we define an additive map

(7.8) I: X(KxC)y — X(KxC)pg1;
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we refer to I' as a division operator. We write i1 : K — K xC and p; : K x C — K
for the embedding of the first factor, and the projection to the first factor, respectively. For
u € X(K x C)g, we have the relation

itz - (u+pi(i(w))) = i1(w) +ii(p1(i(w)) = 0.
So there is a unique class I'(u) € X (K x C)j41 such that
(7.9) az-T(u) = ta- (u+pj(ii(w)))
in the group X(K x C,(k+ 1) — p2).
The following proposition relates the division operator to the power series expansion dg :

PEXCX — (@K X)((9)) that we introduced in Construction 5.4.

Proposition 7.10. Let (X,a,t) be an oriented elfo—algebm, For every elementary abelian
2-group K and all homogeneous elements u € X (K x C), the power series expansion of u/1 is
given by the formula

diw/1) = 3 BT @)/1-67

Proof. The class u/1 belongs to WX X, so the Laurent power series dx (u/1) is contained in
the integral subring (®X X)[0], by construction. We will show that the formula for dy(u/1)
holds in the ring (®X X)[#] modulo 8™, for all m > 0. We argue by induction on m, starting
with m = 0, where there is nothing to show. Now we suppose that m > 1. By the inductive
hypothesis, dg (I'(u)/1) is congruent modulo 6™~ to

ano i (T (T (w)))/1- 6" .

Hence
d(u/1) (r.0) = dr((p1(i1(w)) + €2 - T'(u))/1)
= ij(u)/1 + 0-dr(I'(u)/1)
= i*(u)/1 +‘9'an0 PH(C™(D(u)))/1-6"  modulo 6™
= Y i)/
This completes the inductive step, and hence the proof. (Il

For equivariant bordism, the division operator I' : NJX*¢ — W klixlc has a geometric

interpretation that we now recall. Variations and special cases of the following proposition
have been used in the literature on equivariant bordism, so we make no claim to originality.
For example, the special case K =1 is treated in [13, Lemma 25.3].

Proposition 7.11. Let K be an elementary abelian 2-group. Let M be a k-dimensional smooth
closed (K x C)-manifold. The class T[M] is represented by the (k + 1)-manifold

Rxz M = RxM)/(z,m)~ (x+1,(-1,1) -m)
with (K x C)-action by
(k&) - [z,m] = [ z,(k,1)-m] .

Proof. The class to - ([M] + pi(i5[M])) is represented by the (K x C)-manifold SP2 x (M II
pi (i3 M)) with the first projection as reference map to SP2. The class as-[R xz M] is represented
by the (K x C)-manifold R xz M with the constant map with value 0 as reference map to SP2.
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Since all a-classes are regular, the map NX*C(5P2) — ®E*C N/ ig injective. Moreover, the
fixed point map (6.4)

J

orxc @ PEXON = EBj>ON*7j(GTKXC’J‘)

is bijective. So it suffices to show that the two representatives for classes in N, kKﬁC(Sm) have
the same fixed point invariants.
The (K x O)-fixed points of the mapping torus R xz M decompose into two parts:

(R X7, M)KXC' ~ MKXC UMKXI
The first summand is embedded via
MEXC 5 Rxy, M, z — [1/2,2] ;

its normal bundle is isomorphic to the Whitney sum of the normal bundle of M%*¢ inside

M and the trivial line bundle associated with the representation p,. The second summand is

embedded via

MEXT s Rxy, M, z +— [0,2];

its normal bundle is isomorphic to the Whitney sum of the inflation along p; : K x C — K

of the normal bundle of M%*1 inside M, and the trivial line bundle associated with the

representation py. The (K x C)-fixed points of SP2 x (M IIpi(iM)) over 0 € SP2 are

{0} x (M T pi (i3 M)) ¢ = MF*Cu Mt

these are diffeomorphic fixed points with isomorphic normal bundles. This proves the claim.
O

Theorem 7.12.

(i) In the oriented elgo-algebm (N, a,t), the classes B, and (,, are related by the formula

G = Bn+Bobn-1

in fl)g_,_l./\/, forn > 1.
(ii) The classes B, for n > 0 form a set of polynomial generators of the C-geometric fized
points of equivariant bordism as an algebra over N.,.

Proof. (i) We write P € NF*€ for the bordism class of the projective space RP? with (C' x C)-
action by
(k,6") [w:y:2] = [o:y:k2].

By Proposition 7.11 and induction on n, the class I'*(P) in Nfﬁf is represented by

R xz (R"! xg,_, RP?) = R" xg, RP?,
where G, acts on RP? by

(815 ey Sp) - [xiy:z] = [x:y: (=1)°"2],
and where C' x C' acts on the balanced product by

(hyK') - [81, s Sy [x iy 2]] = [KS1,82... 80, [Kz:y:2]].
Restricting the action along i; : C — C'x C shows that i (I'™(P)) is represented by (W12, 7),
ie, i1(T"™(P)) = Cnt1-
Now we claim that the relation

(713) P/l = tﬂ/au ’t2/a2 +t1/a1 . tg/ag +t1/a1 . t#/ap

holds in the group QSXCN . To prove this, we verify that the two classes have the same image
under the fixed point isomorphism pcxc, defined in (6.4), that records the fixed points and
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their normal data. If A is a character of a finite group, and V' a G-representation that does not
contain A, then A is an isolated fixed point in the projective space P(V @ A). Moreover, the
normal G-representation at this fixed point is isomorphic to V' ® A. The given (C' x C)-action
on RP? is that of the projective space of ps ® R @ p;. It has three isolated fixed points, with
normal representations p; @ i, p1 @ p2, and u @ pa, respectively.

For a nontrivial A-character ), the class ty € N{*(S?) is represented by the identity of S*,
which has an isolated fixed point over the non-basepoint, with normal representation A. So
the fixed point isomorphism (6.4) takes the class ty/axy € ®AN to the element of No(Grit)
in the summand for j = 1 represented by A, considered as a point in Grf’J‘. So the fixed point
invariant of P/1 is

poxc(P/1) = [u] - [p2] + [p1] - [p2] + [p1] - [11]
= go(;xc(tu/au-tg/a2+t1/a1 -tg/ag—i-tl/al -tu/au) .

This proves the relation (7.13).

Now we apply the Laurent power series expansion d¢ : ®CXCN — (®CN)((9)) to (7.13).
The ring ®“*C“N is an algebra over ®“N via the inflation p}, so do(t1/a1) = do(pi(t/a)) =
t/a = By. Moreover, dc(ta/az) =071, So

dC(P/].) = dc(tu/a#-tz/ag—&—tl/al-tg/ag—i—tl/al-tﬂ/au)
= (dc(tu/au)JFﬂO)’971+50’d0(tu/au) = Z(ﬁn—HJFﬂoﬁn)'gn-

n>0

Proposition 7.10 yields the relation
do(P/1) = 3 (T (P)/1-0" = 3 Cas1-0

Comparing coefficients of 6" yields (41 = Bnt1 + Pofr for all n > 0, as claimed.

(ii) The classes t/a = By and (,,/1 for n > 1 are polynomial N,-algebra generators of N
by Theorem 7.6. Since 3, is congruent to {, modulo (Bo,...,Bn—1), by part (i), also the
classes 3, for n > 0 form polynomial generators for ®CN as an N, -algebra. O

We are now ready to prove the main theorem of this paper.

Theorem 7.14 (Universal property of equivariant bordism). The oriented elgo—algebm N of
equivariant bordism is an initial oriented elgo—algebm.

Proof. We need to show that there is a unique morphism of oriented elgo—algebras from
(N,a,t) to any given oriented elf-algebra (Y,a,f). In accordance with the notation for
pre-Euler and inverse Thom classes, we shall write 3, for the B-classes for the theory (Y, a,1).

If f: N — Y is a morphism of oriented elfC-algebras, then f(1) : N, — Y (1), must
take the formal group law of (N, a,t) to that of (Y,a@,t). The formal group of (N,a,t) is
initial by Theorem 6.5 (ii), so f(1) is uniquely determined by this property. For an elementary
abelian 2-group A, we make the geometric fixed point ring ®2Y into an N,-algebra via the
composite of f(1): N, — Y (1), and the inflation homomorphism p* : Y (1), — ®AY. The
morphism € f : N — @Y satisfies (9 f)opl = po f(1), so it is a morphism of graded
N.,-algebras. Since the S-classes are defined intrinsically via the structure of oriented elf‘o—
algebras, the relation (®¢f)(3,) = B, holds. By Theorem 7.12 (ii), the classes /3,, generate
®CN as an N,-algebra, so the morphism ®¢ f is uniquely determined.

Now we let A be any elementary abelian 2-group. Then for every nontrivial A-character
A, the relation (®4f) o \* = \* o (&€ f) holds. Since ®° f is uniquely determined and ®4N
is generated as an N,-algebra by the images of the homomorphisms \* : ®CN — AN, by
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Theorem 6.5 (iii), also the morphism ®4 f is uniquely determined. Since the maps —/ay :
Y(Ak-V)— <I>;€4Y are injective, the morphism ®“ f uniquely determines the morphism of
I4-graded rings f(A,*) : N(A,x) — Y (A,*). This concludes the proof of uniqueness.

To construct a morphism of oriented elfo—algebras from (N, a,t) to (Y,a,t), we turn the
uniqueness argument around. Since the 2-torsion formal group law of the oriented elfo—algebra
(N, a,t) is initial, there is a unique homomorphism of graded Fa-algebras f1: N, — Y (1).
that classifies the 2-torsion formal group law of (Y, a,#). In other words, f! is the unique
morphism that when applied to the coefficients of the 2-torsion formal group law of (N a,t)
yields the one of (Y, a,t).

Again we make the geometric fixed point ring ®4Y into an N-algebra via the composite
of f1: Ni — Y (1), and the inflation homomorphism p% : Y(1), — ®4Y. By Theorem 7.6,
the geometric fixed points ®CN are polynomial over N, on the classes (3,. So there is a unique
N-algebra homomorphism

¢ o°N — Y
that sends the class 3, in ®“A to the class 3, in Y, for all n > 0.
Now we let A be a nontrivial character of an elementary abelian 2-group A. Because
f€o P& = pi o f1, the composite of
* C *
N, 22 afN L 9%y 2, oAy
equals p% o f! : N, — ®4Y. In particular, the composite \* o f¢ o pf, is independent of
A. By Theorem 6.5 (iii), ®*\ is the coproduct, in the category of commutative graded N-
algebras, of copies of ®“ N, indexed by the set A° of nontrivial characters. So there is a unique
morphism of graded rings
A AN — oY
such that f4 o\ = A\* o f¢ for all nontrivial A-characters.
We will now show that the collection of morphisms f® = {f4 : ®AN — &Y} 4 satisfies

the hypotheses of Theorem 5.14. To show that the morphisms are compatible with inflations,
we let o : B — A be any epimorphism between elementary abelian 2-groups. Then

fBoa*oX = fBo(da)* = (Aa)*ofC¢ = a*oX ofY = a*ofloN*

for every nontrivial A-character \. By Theorem 6.5 (iii), the images of the homomorphisms
X ®CN — BAN generate PAN as an N, -algebra, so this proves that f8 o a* = a* o f4.
Condition (a) of Theorem 5.14 holds because f¢(t/a) = f¢(By) = Bo = t/a. Verifying
condition (b) is the most involved part of this proof, and we establish it through a sequence
of claims.
Claim 1: The following diagram commutes:
dy

PEN N.(0)

fcl ifl((G))

oYy — = Y(1)(0)

Theorem 5.11 (i) provides the relation

F/\/(97£)Zd1(ﬁn)€n =1

n>0
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in the ring N'((0))[¢]. We apply the homomorphism f1((0))[£] to this equation and exploit that
the pushforward of the formal group law Fyr along f!: N, — Y (1), is Fy. This yields

Fy(0,6)- ) f1(O)(di(Bn))-€" = 1 = Fy(6,6)- Y di(Bn)-&"

n>0 n>0

in the ring Y (1)((0))[¢]. The second equality is Theorem 5.11 (i) for (Y,a,t). Since multi-
plicative inverses are unique, the two infinite sums on both sides must be equal. Comparing
coefficients of ¢" yields f1(0))(d1(Bn)) = d1(B,) = d1(f€(B,)). Since the classes 3, generate
®CN as an N,-algebra, this proves that the diagram of Claim 1 indeed commutes.

Claim 2: The following diagram commutes:

wr dc

PCN POXCN (@CN)((9))
fcl J{fc((f?))
oy e Xy o (@°Y)((0)

Here, as before, p: C x C — C is the multiplication. Theorem 5.11 (ii) provides the relation

Do do(u (B) € = 3 Bu En(0,)"

n>0 n>0

in the ring (P°N)[6,£]. We apply the homomorphism f€[6,£] to this equation and exploit
that the pushforward of the formal group law Fys along f!: N, — Y (1), is Fy-. This yields

> FOINde(n* (Ba)) - €™ = > fC(Bn) - Fy (6,€)"

n>0 n>0
=D B Fy(0,6" = ) de(p*(Ba)-€" .
n>0 n>0

The third equality is Theorem 5.11 (ii) for (Y, a,t). Comparing coefficients of £" yields
FEMO)(de (k™ (Ba))) = de(u*(Ba)) = de(u(f€(Ba))) -

Because the classes f3,, generate ®¢ A as an N,-algebra, this proves that the diagram of Claim
2 indeed commutes.

Claim 3: For every elementary abelian 2-group K and every nontrivial character \ : K X
C — (), the following diagram commutes:

dr

PON — 2 pEXC N (PEN)(0)

fcl lfK((f)))

oY T PExCy — (CIDKY) (@)

We distinguish three cases, each based on a different kind of naturality argument. Firstly, if
A = po is the projection to the second factor, then dx o A* = p3(0)) o d1 by naturality of the
power series expansions dx in the group K. So

FE(0) odi o X = fE(0) opic(B) ody = pic(0) o f1(0) o da
Claim1 = Pi(0) odio f€ = dgoXofC.
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Secondly, we suppose that A = v o p; for some nontrivial K-character v : K — C. By
design, the composite dg o pj : XN — OEXCN is the inclusion ¢ : DPEN — (@KN)(0))
as the constant Laurent power series. So

dg o' = dgopjov™ = tov*
and hence
fE@) cdg o X = fE(@)orov* = tofEov® = Lov o fC = dgolfofC.
The third and final case is when A = p o (v x C) for a nontrivial K-character v. Then
dg o)X = dgo(vxC)ou” = v*(0) odcop”
by naturality of the power series expansions dx in the group K. So
FEO) odk o X = fE(O) ov*(9) odcop® = v*(0) o f€(8)) odc o p*
Claim 2 = V*(0) odcop*o f€ = dk oA o fC.

Now we can prove condition (b) of Theorem 5.14. For any nontrivial character A : K xC —
C, Claim 3 and the fact that f5*¢ o \* = X\* o f¢ show that the two homomorphisms

FE(O) o di , dic o fFXC 0 @FXON — (2KY)(0)
agree after precomposition with \* : ®N — ®K*XCN. By Theorem 6.5 (iii), the images
of these homomorphisms A\* generate ®**“A as an N,-algebra, so this proves the desired
relation fX((0)) ody = dy o fE*C. O

RO
12

8. INVERTIBLY ORIENTED e -ALGEBRAS AND GLOBAL 2-TORSION GROUP LAWS

In this section we explain the relationship between the oriented elf‘o—algebras discussed in
this paper and the global 2-torsion group laws in the sense of the first author’s paper [17].
The bottom line is that global 2-torsion group laws ‘are’ oriented elgo—algebras whose inverse
Thom class is invertible. Because inverse Thom classes can be universally inverted as described
in Construction 4.1, this exhibits the category of global 2-torsion group laws as a reflective
subcategory of the category of oriented el?o-algebras.

Definition 8.1 (Invertible inverse Thom classes). An inverse Thom class ¢ of an orientable
elg’o—algebra X is invertible if for every nontrivial character \ of an elementary abelian 2-group
A and all m € 14, the multiplication map

thr— : X(Am) — X(A,m+1-))

is an isomorphism. An invertibly oriented elfo—algebra is an oriented elfo—algebra whose
inverse Thom class is invertible.

An invertible inverse Thom class essentially collapses the I4-gradings to integer gradings:
for every elementary abelian 2-group A, the I4-graded ring X (A, ) is a polynomial ring over
its Z-graded subring in the variables ) for A € A°:

X(A,%) = X(A).[tr: A e A°] .

In the presence of an invertible inverse Thom class ¢, one can therefore translate the structure
and properties of an orientable elf’o—algebra into structure and properties of the ely-algebra
made up by the integer graded subrings. For orientable elfo—algebras arising from global
ring spectra, invertibility in the sense of Definition 8.1 is equivalent to invertibility in the
RO(C)-graded homotopy ring, see Proposition 8.4.
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We recall from [17, Definition 4.1] that a global 2-torsion group law is an ely-Fo-algebra G
equipped with a coordinate, i.e., a class e € G(C) such that for every nontrivial character A of
an elementary abelian 2-group A, the sequence

A
resy

0 — G(A)wy1 2= G(A), —5 G(K), — 0

is exact, where ey = A\*(e) and K is the kernel of A.

As described in Construction 4.1, we can turn an oriented el5“-algebra (X, a, t) into an ely-
Fy-algebra t~1 X by inverting all t-classes. When A = 1 is a trivial group, we have (t 72 X)(1), =
X(1)s.

Theorem 8.2.
(i) For every oriented el?o—algebm (X,a,t), the ely-algebra t =2 X is a global 2-torsion group
law with respect to the coordinate e = a/t.
(ii) The functor
t=1 . (oriented el©-algebras) — (global 2-torsion group laws)
(X,a,t) — (t7'X,a/t)
has a fully faithful right adjoint. The essential image of the right adjoint is the subcategory

of invertibly oriented elgo-algebms.

Proof. (i) We have ey = A*(a/t) = ax/ty in (t71X)(A)_1. Because localization is exact, the
short exact sequences

resA
0 — XAm+1) 25 X(Am+1-)) —5 X(K,resg(m)) — 0
for varying m € I4 become a short exact sequence
A
resy

0 — (' X)(A)mps1r 25 (1 X) (A (¢ X) (K — 0.

This verifies the defining exactness property of a global 2-torsion group law.
(ii) The right adjoint
¥ : (global 2-torsion group laws) — (oriented el}*“-algebras)
to t~1 is obtained as follows. Given any global 2-torsion group law (G, e), we define an elQRO—
algebra G[t] at A by
Glt](A,%) = G(A)[txr: A e A°].
Here each t) is a polynomial variable in degree (A,1 — \), for each nontrivial A-character
A If «: B — A is a homomorphism between elementary abelian 2-groups, we define
B* : X(A,x) — Y(B,*) as the given restriction homomorphism g* : G(A) — G(B) on
coeflicient rings, and by setting

. tag if AB is nontrivial, and
B (tx) = . o
1 if AB is trivial.

We omit the straightforward verification that these data define an elfo—algebra. By design,
the polynomial generator t in G[t](C,x) = G(C)[t] is an invertible inverse Thom class of this
elgo—algebra. Moreover, the exactness property of the orientation e shows that the class

a =-¢e-t € GO)t]-o = G[t)(C,—0)

is a pre-Euler class, so ¥(G,e) = (G]t], et,t) is an invertibly oriented elfo—algebra.
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The unit of the adjunction nx : (X, a,t) — Y (t71X,a/t) = (t71X)[t], (a/t)-,t) is defined

at an elementary abelian 2-group A by

nx(Ak=V)(@) = (z/tv)-tv,
where k € Z, and V is an A-representation with trivial fixed points. We omit the straightfor-
ward verification that this indeed defines a morphism of oriented elfo—algebras. Moreover, if
the inverse Thom class ¢ is invertible, then nx is an isomorphism.

Since the orientation of (G, e) is invertible, localization away from ¢ has no effect on the
underlying rings, and the restriction of G[t] to the integer graded subrings returns the orig-
inal ely-algebra G, with its original coordinate (et)/t = e. More formally: the functor 1 is
right inverse to the functor +=!, and a natural isomorphism G — ¢t~ 1(3/(G, e)) is given by the
identifications of the rings G(A) as the integer graded subrings of G(A)[t]. We omit the veri-
fication that the inverse isomorphism eg : t71(¥(G,e)) — G and the natural transformation
n:Id — ¢ ot~ satisfy the triangle equalities of an adjunction. In any adjunction for which
the counit is a natural isomorphism, the right adjoint is fully faithful.

The right adjoint v takes values in invertibly oriented elfo—algebras. And if (X, a,t) is
an invertibly oriented elQRO—algebra, then the adjunction unit (X,a,t) — (¢t 71X, a/t) is an
isomorphism at all integer graded subrings, and hence an isomorphism of elfo—algebras. Thus
(X,a,t) is in the essential image of the right adjoint. O

Remark 8.3. As explained by the first author in [17], every global 2-torsion group law has a 2-
torsion formal group law over its underlying ring. Every oriented elgo-algebra also comes with
a formal group law over its underlying ring, as explained in Theorem 4.7. Comparing definitions
reveals that for every oriented elgo—algebra (X,a,t), the formal group law of (t71X, a/t)
defined in [17] is the one that we introduced in Theorem 4.7.

The formal group law construction from a global 2-torsion group law also admits a fully
faithful right adjoint; the right adjoint embeds the category of 2-torsion formal group laws
as the full subcategory of complete global 2-torsion group laws, compare [17, Example 4.7].
Altogether, the category of 2-torsion formal group laws embeds fully faithfully into the category
of oriented elfo—algebras, as the ones that are both invertibly oriented and complete. The
following diagram of categories and functors summarizes the situation:

(2-torsion formal group laws) —Z> (complete invertibly oriented el¥©-algebras)

H H

(global 2-torsion group laws) ——— (invertibly oriented elX“-algebras)

i

(oriented elfC-algebras)

<

R

In Definition 8.1 we defined when an inverse Thom class of an el?o-algebra is invertible. For
global ring spectra, invertibility is equivalent to invertibility in the RO(C')-graded homotopy
ring:

Proposition 8.4. For every oriented global ring spectrum (E,t), the following conditions are

equivalent.

(a) The class t is an RO(C)-graded unit, i.e., there evists a class s € ©5_{(E) such that
s-t=1.

(b) The class t is an invertible as an inverse Thom class of the orientable elX°-algebra (E¥, a).
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Proof. (a)==(b) We let A : A — C be any nontrivial character of an elementary abelian
2-group. Then \*(s) € E{! | = 74 |(E) is a homotopy class such that

A(s) -ty = AN(s-t) = 1.

We write n € I, asn = k—V for k € Z and some A-representation V with trivial fixed points.
Then the multiplication map

—M(s) B (SVRY — ENSY)
is inverse to
—ty + BYAn) = EfSY) — ELL(SVEN =EfAn+1-)).

In particular, multiplication by ¢y is bijective.
(b)=(a) We consider the commutative diagram with exact rows:

res{ T res®
7§ (B) —= ry(B) o 20 (B) — 1€, () e 1 (B)
| S
1§ (B) — mo(E) —> 1§ (B) — = 7%, (E) —=m1(E)
resy trl resy

Of the three maps labeled as multiplication by ¢, the outer two lie in the range graded by the
submonoid I of RO(C') that is encoded by the elQRO—algebra E*. Hence those are isomorphisms
by the invertibility hypothesis (a). By the five lemma, the middle map is thus an isomorphism,
too. So the multiplicative unit 1 in 7§ (E) has an inverse, which is the desired RO(C)-graded

inverse of t. U

Construction 8.5 (Stable equivariant bordism). For a compact Lie group G, stable equivari-
ant bordism is a G-equivariant homology theory M&+ first considered by Brocker and Hook
[9, §2]. It is a specific localization of G-equivariant bordism at geometrically defined classes
associated to G-representations. If we restrict attention to elementary abelian 2-groups A,
then the localization that defines stable equivariant bordism is exactly inverting the inverse
Thom classes for the oriented el¥?-algebra A of equivariant bordism:

NES = (IA)(A),

Equivariant bordism N is an initial oriented elQRO—algebra by Theorem 7.14; and the local-
ization morphism N — ¢~ N is initial among morphisms of oriented elfo—algebras that send
the unique orientation of N to an invertible inverse Thom class. Together, these universal
properties immediately yield the following corollary about stable equivariant bordism:

Corollary 8.6 (Universal property of stable equivariant bordism). Stable equivariant bordism
(t=N,a,t) is an initial invertibly oriented el?o—algebm. The global 2-torsion group law of
stable equivariant bordism is an initial global 2-torsion group law.

Combining Corollary 8.6 with the main result of Brocker and Hook [9] yields an independent
proof of a recent result of the first author, namely that the global 2-torsion group law carried
by the global Thom spectrum MO is initial, see [17, Theorem D]. Indeed, Theorem 4.1 of
[9] says that for every compact Lie group G, stable equivariant bordism is isomorphic to the
equivariant homology theory represented by the global Thom spectrum MO of [25, Example
6.1.7]; see also [25, Remark 6.2.38] for a different proof. The underlying G-spectra of the
global object MO are the real analogues of tom Dieck’s ‘homotopical equivariant bordism’
spectra [32], and they have been much studied since the 70’s. So via [9, Theorem 4.1], our
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Corollary 8.6 becomes the statement that the global 2-torsion group law associated to MO is
initial; in other words, we recover Theorem D of [17]. We want to emphasize that this earlier
result of the first author was a key motivation for the present project, and some of our present
arguments are inspired by arguments from [17]. Our proof here differs from the one in [17] in
that we make no use of equivariant formal groups.

Example 8.7 (Mod 2 global Borel homology). The forgetful functor from the global sta-
ble homotopy category to the non-equivariant stable homotopy category has a lax symmetric
monoidal right adjoint, the global Borel functor b : SH — GH, see Theorem 4.5.1 and Con-
struction 4.5.21 of [25]. For every spectrum R and every compact Lie group G, the underlying
G-spectrum of the global Borel spectrum bR represents G-equivariant Borel R-cohomology,
i.e., R-cohomology of the homotopy orbit construction, thence the name. Because the Borel
functor is lax symmetric monoidal, it takes non-equivariant homotopy ring spectra to global
ring spectra.

In particular, the global Borel spectrum b(HTF5) of the non-equivariant mod 2 Eilenberg-
MacLane spectrum is a global ring spectrum. The adjunction unit n : HF, — b(HF3) from
the mod 2 global Eilenberg-MacLane spectrum is a morphism of global ring spectra. Since
HF, is orientable, so is b(HF3). The group ¢ (b(HF3)) is isomorphic to H~(BC,F,), and
hence trivial. So the orientable global ring spectrum b(HF3) has a unique inverse Thom class,
which is necessarily the image of the unique inverse Thom class of HF, under the morphism
n : HF, — b(HF2). Since the unique inverse Thom class of HF, is additive, the unique
inverse Thom class of b(HF2) is additive, too.

All real vector bundles are orientable in mod 2 cohomology. In particular, there is a Thom
class in H'(S° A¢ EC;F3) for the line bundle over BC' associated to the sign representation.
By the Thom isomorphism, the image of this Thom class under the isomorphism

HY(S? A¢ ECy;Fy) = 7% | (b(HTFs))

is an RO(C)-graded inverse to the unique inverse Thom class. So the unique inverse Thom
class of b(HF5) is invertible, by Proposition 8.4.

Theorem 8.8 (Universal property of mod 2 Borel homology). Let Y be an orientable elgo-
algebra. Evaluation at the unique inverse Thom class of the global Borel spectrum b(HFq) is
a bijection between the set of morphisms of orientable elfo-algebms from b(HF2)* to Y, and
the set of orientations of Y that are both additive and invertible.

Proof. We claim that the morphism of oriented elfo—algebras
n' © H=((HF,)" a,t) — (b(HF2)* a,t)

exhibits the target as the localization of the source away from its unique inverse Thom class;
more precisely: the induced morphism of global 2-torsion group laws t~!(n*) obtained by
localization away from ¢ is an isomorphism. To prove this, we write b(HF3)? for the el,-
algebra made from the integer graded homotopy rings of the global Borel spectrum b(HTFs).
Because t acts invertibly in the global Borel theory, we must show that the unique extension

i t7'H — b(HF,)"

of n* is an isomorphism of el,-algebras. To this end, it suffices to show that 7 is an isomorphism
in integer gradings for the elementary abelian 2-groups C™ for all n > 0. The I4-graded ring
H(A,*) is generated as an Fo-algebra by the classes ay and ¢, for all nontrivial A-characters
A, by Proposition 1.10. So the integer graded ring (t"'H)(A). is generated by the classes
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ex = ay/ty for all nontrivial A-characters A. If three such characters satisfy a multiplicative
relation a - B - v = 1, then additivity of the orientation yields the relation

aatgty + toagty + tatga, = 0.

Dividing by t,tst, yields the relation e, +eg + e, =0 in (¢ 7' H)(A)_1. In particular, for all
n > 0, the integer graded ring (t~1H)(C™) is generated by the Euler classes ey, ..., e, of the
projections p; : C™ — C to the n factors.

On the other hand, b(HF2)%(C™) is the mod 2 cohomology ring of B(C™), which is an
Fy-polynomial algebra on the corresponding Euler classes eq, ..., e, of the projections. So the
map 7(C™) : (¢~ H)(C™) — b(HF3)*(C™) is surjective. Since the Euler classes ey, ..., e, do
not satisfy any nontrivial polynomial relations in the target, the Euler classes do not satisfy any
nontrivial polynomial relations in the source either. So both rings are Fo-polynomial algebras
on the Euler classes eq,...,e,, and the map is an isomorphism.

Now we can conclude the argument. The source of the morphism 7* is a Bredon elfo—algebra
in the sense of Definition 3.1; so by Theorem 3.5, it is initial among oriented el?o—algebras
equipped with an additive orientation. Since the target of n* is a localization of the source away
from the inverse Thom class ¢, the target is an initial oriented elQRO—algebra whose orientation
is both additive and invertible. (]

9. EPILOGUE: REPROVING CLASSICAL RESULTS ON EQUIVARIANT BORDISM

In this final section we describe the relationship between the framework we develop in this
paper and previous work on equivariant bordism rings, specifically that by Conner—Floyd [12],
Alexander [2], and Firsching [15]. We show that these classical results can be readily deduced
from our formalism, and in fact generalize to a large class of oriented elQRO—algebras.

9.1. The Conner—Floyd exact sequence. We start with a generalization of the Conner—
Floyd exact sequence [12, Theorem 28.1] for bordism of involutions. For this, we let (X, a,t)
be an oriented elgo—algebra, and A an elementary abelian 2-group. As we used many times
throughout this paper, the map —/1 : X(A), — ®2X is injective. For A = O, it is
furthermore straightforward to describe the structure of the cokernel.

Proposition 9.1. For every oriented elgo—algebm (X, a,t) the cokernel of the monomorphism
—/1: X(C) — ®°X s free as an X (1).-module with basis the classes (t/a)" for n > 1.

Proof. The fundamental exact sequence and induction on n shows that X (C,* — no) is the
direct sum of the image of -a™ : X(C), — X(C,* — no) and a free graded X(1).-module
spanned by a™~t' for i = 1,...,n. Since ®¢ X is the colimit of these groups along multiplica-
tion by a, the claim follows by passage to colimit in n. ([

Proposition 9.1 also shows that if ®° X is free as a graded module over X (1)., then X (C), is
projective as a graded X (1).-module. If, in addition, the Fy-algebra X (1), is graded-connected,
then this implies that X (C), is even free as a graded X (1).-module.

9.2. Alexander’s theorem. It was already observed by Conner and Floyd as a consequence
of their exact sequence [12, Theorem 28.1] that the C-equivariant bordism ring is free as a
graded module over the non-equivariant bordism ring. Alexander provided an explicit N,-
basis of N in [2, Theorem 1.2]. We generalize Alexander’s result to certain kinds of oriented
elgo—algebras, with a different, and arguably simpler, proof.

We recall the division operator I' : X(C)r — X(C)gy1 from construction (7.8), which
is characterized by the equation a - I'(x) = t -z + €*(z). Here ¢ : C — C is the trivial
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homomorphism, so that €* is the composition of restriction to the trivial group, followed by
inflation.

Proposition 9.2. Let (X, a,t) be an oriented elfo—algebm, Suppose that X (1), is graded-
connected as an Fo-algebra. Let (b;)ier be a family of homogeneous elements of X(C). of
positive degrees. Then the following conditions are equivalent:

(a) The classes 1 and T™(b;) forn > 0 and i € I form a basis of X(C). as a graded module
over X (1),.

(b) The classes 1 and b;/1 for i € I form a basis of ®¢X as a graded module over the
polynomial ring X (1).[t/a).

Proof. Condition (a) and Proposition 9.1 together imply that the classes (t/a)”™ and I'"™(b;)/1
for n > 0 and ¢ € I form a basis of X(C), as a graded module over X (1).. The defining
relation of the division operator yields

I'(z)/1 = (t/a) z/1+€(x)- (t/a) .
If the dimension of the class x is positive, this shows that I'(x)/1 is congruent to (t/a) - x/1
modulo the graded ideal of positive degree elements in X(1). By induction on n we see that
I'™(x)/1 is congruent to (t/a)™ - /1 modulo the ideal of positive degree elements in X (1). In
particular, the class I'"*(b;)/1 is congruent to (¢/a)™ - b;. Since X(C). is bounded below and
X (1), is a graded-connected Fo-algebra, this shows that the classes (¢/a)™ and (t/a)™ - b;/1 for
n >0 and 7 € I also form a basis of X(C), as a graded module over X (1),. Hence the classes
1 and b;/1 for i € I form a basis of X(C). as a graded module over X (1).[t/al, i.e., condition
(b) holds. The other implication is proved by reversing the argument. ([

Corollary 9.3. Let (X, a,t) be an oriented el¥°-algebra. Suppose that X(1), is graded-
connected as an Fy-algebra. Let (y;)ier be a family of homogeneous elements of X(C). of
positive degree such that ®C X is a polynomial algebra over X (1). on the classes (y;)ie; and
the class t/a. Then the classes 1 and the classes T™(y;, - ... y;.) for allm > 0, r > 1 and
i1,...,4p € I form a basis of X(C). as a graded module over X (1),.

Proof. We let B be the set of all monomials of degree at least one in the classes y;/1 for all
i € I. The hypothesis that ®¢ X is polynomial over X (1), on the classes (y;)ic; and t/a is
equivalent to the property that B is a basis of ®¢ X as module over X (1).[t/a]. Proposition
9.2 (a) then yields the claim. O

For equivariant bordism, we obtain Alexander’s A,-basis of N by letting y; € N¢ be the
bordism class of projective space P(c @ R?), for i = 2,3,.... The C-fixed points of P(c @ R?)
have two components: an isolated fixed point P(c), and the space RP*~! with normal bundle
the tautological line bundle. So Proposition 7.4 shows that the classes y;/1 for ¢ > 1 and a/t
form a set of polynomial generators of ®CN, as desired. So Corollary 9.3 applies, and we
recover [2, Theorem 1.2].

We can also apply Corollary 9.3 to the classes (; € /\[3-1 from Construction 7.5, for i > 1.
This way we obtain a different N,-basis of N'C, given by 1 and the classes I'"((;, - ... - (;,) for
alln>0,r>1and i1,...,43- > 1.

9.3. Firsching’s pullback square. Finally we explain how a generalization of the main
results of Firsching’s paper [15] drops out of our theory. In the following theorem we will write
Ty = tr/an € <I)‘14X ,
where ) is any nontrivial A-character. And we write (®4X)[z}'] for the localization of the

geometric fixed point ring away from the classes x for all nontrivial A-characters .
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Theorem 9.4. Let (X,a,t) be an oriented elg”o—algebm. Let A be an elementary abelian
2-group such that for some (hence any) index two subgroup K of A and every nontrivial K-
character i, the class x, = t,/a, is a regular element of the ring ®EX. Then the following
square is a pullback of Z-graded rings:

X(A). e DAY

| |

t1X)(A)y ————————— (P2 X) [z} X € A°)

z/tvb—>z/av~x;1

Proof. We claim that for every index two subgroup K of A and every K-character u, the class
t, is a regular element in the Ix-graded ring X (K, x). Indeed, suppose that y-t,, = 0 for some
y € X(K,k—V) with k € Z and VE = 0. Then

0= (y-t,)/(av-a,) = (y/av)- (tu/au)
in ®2X. So y/ay = 0 by the regularity hypothesis. Because the map —/ay is injective, this
implies y = 0. Because all the classes t,, for u € K° are regular, we also deduce that for every
A-representation U, the class resit (ty) = ty|, is a regular element in X (K, *).

Now we turn to the proof of the theorem. Since the horizontal maps in the square are
injective, we only need to show the following claim: let y € @ﬁX be a class whose image in
(®24X)[z}'] is in the image of (t7'X)(A)s. Then the class y is effective. We suppose that
y = y'/aw for some A-representation W with trivial fixed points, and y' € X(A,k — W).
By assumption there is another A-representation V with trivial fixed points and a class z €
X (A, k—V) such that (z/ay) -2, =y = ¢'/aw in the localization (®2X)[z']. Hence there
is another A-representation U with trivial fixed points such that

(aw - z-tv)/awever = (z/av)-zv = (¥ /aw)-zv-zuv = (Y -tv -tv)/awever
in the geometric fixed point ring ®24X. Since —/aweyeu is injective, this forces
z-ty-aw = y’-tV@U

in X(A,k—(Wa&VeU)). Now we let A be an A-character with kernel K, and we let m be
the multiplicity of A in W. Then the left hand side of the previous equation is divisible by a%".
Because the class resy(tygr) is regular in X (K, *), Proposition 1.6 (i) shows that also y’ is
divisible by a%'. Proposition 1.6 (ii) then shows y’ is divisible by aw, i.e., ¥’ = y” - aw for a
unique y”’ € X (A, k). Thus the class y = ¢/ /aw = y" /1 is effective. O

For the oriented elfo—algebra N of equivariant bordism, all the geometric fixed point rings
®K N are polynomial algebras over the non-equivariant bordism ring A, and hence they do

not contain any zero-divisors. So Theorem 9.4 shows that for every elementary abelian 2-group
A, the followings square is a pullback:

NA AN

l |

NAS — (DAN) [z, 11 A € A°)

Here M4 = t~1N is stable A-equivariant bordism, see Construction 8.5. Firsching writes
6;1 for x, and he uses the A-homology theory represented by the global Thom spectrum MO
instead of MA*%; these equivariant homology theories are isomorphic by [9, Theorem 4.1]. So
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modulo notation and the identification of ®2N with a polynomial N,-algebra, this is the main
result Theorem 3.18 of [15].
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